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Edlogt . (x.]!)]

12



, L . N 2log" .
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_l Iog # ! ?log” 4
[<ZE= I G= 0; Hessian matrikl, (x,!) $- sk ]
= Edlog t (x| )] + —trace{Ex[H (., 1910 Yo B}
[<ZAx = tracefAxx}; Appendix (1)]
gs“tb [Hessianx0f H/(x,!)=H (X !) pK"\gq>}] '0SVi <O 1{x(.)qG
\b”g xz x(')U A”»  Xu(!')g gweRwW 0> Y” b”T pb{ Xn(!)
q%a2S | pxsX q'oM"\qUU iApb{\\pz 1 =0, (Xy) q fbq

Edflog t  (x.|Cu(X))] ' Edflog t . (x.|! ¥)] + %trace{Ex![H, 0, AT v (Xn) BBy (Xn) B! #)

URQg #b{

N
S e (=1 .' Jogt. (u(")[17) = —Iogt (Xl P (X))

y itz Bu(Xy) U71* <pK"\q>RQtbqziSM UT' ppu

: _ | |0g"#
welog LG, | =g

XNv-ﬁML(XN))

pbwpz% 7t logt,(Xy!) > Bu(Xy) W*“pA &"2% hOUz - £q% 7t

2log" 4

logt (Xul!) ' logt(Xul Bun(Xy) + (‘ D'OML(XN)) I

(! PP (X))

gpVib{\\pz l =1* g tbqz
!C[ Xn) = %Iogt (X éML(XN))

1! 2log" 4

T * o)
|Ogt (XN|| )D (I*D ML(XN))&N |$I$t I S
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gs“tb{ Bu(X) x wiay”» I*t“) “tb O (Xn(")) P 1*forN( "] wpz

I 2log" »

WWE Q>> “thq NUGUGVMI
1 2log" » . 12log" 4
BB By BB o
qpVi oz"'t NUGUGVMI txG:wO T’
1!2|Og"# 1 'N !2|Og"# 1 IN
- = - =1 =1 (T ) T EJH | *
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q N |$|$t XvaML(XN)) X! ! "yt q p p p - q

G\b"g xz (1)U A’»  Xu(!')g gweRw 0> Y” ' b”T’pb

1€ (Xy) ! %Iogt (X[ ! %) B %(! * B By (Xn) Ea[H: (X., ! ]! * D By (X))
= %Iogt ((Xn ! %) E):—thrace{Ex![H! (., ! ] Ou(Xn) B! #)( Oy (Xn) B! ¥)'} y
[<ZAX = tracefixx]]
gpVi h{

- £ 1 zZp b W% Z
y\W\tp~'eh U

B, (Xy) ' %Iogt (X[ 1%) B %trace{Ex![H! (X, ! )] (Br(Xn) B! #)(Oy(Xp) B! )}
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N
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[l Ex[Bw(X)]=!* pbwp %[O (Xn)] = Ex[(Cur(Xn) B! *)(Ba(Xn) B! #) ]
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yrMtziUwew % [Pu(Xn)] >-% b hStz NUGUGVZ.y
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I'log" # 10X “
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ypbwpz Bu(Xy")) Wi, z0,8» % [OwXn)] X
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b ' B traclE[H, (X., ! *)] Yau[Pur(X)]- ' E)%trace#l[! 'EJH (X, ! ¥)] -
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N (X" ) D% 1Y NormalQ, I[! *])
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b E)%tracé/Ex![H! O PO Y
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+,”qz #.- woUoa»tsloMtbUz E{H (X !]=DI!*] URq tbwpdJt

xs“tdee{ ]
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- I 2log" .
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(2)Eflogt.(x )] UT&Y”"»i we: I* p7G<>q”zbs”j
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) NUGUGVM
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Lo(x(#) 183185 18 1§

URgb"\qT’z Hessianw 84 « EJH (x,!*)] = Ex=% Ix,!*)GX
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gpVib{\\pix® t.(x!)U! p «iiD6pz (Xx,!)tmMOE s'yz «iiq
( ,sc“w )uu>08Q"\qUZR”\qq #X)=t,(x '*) qT’
" 2n 2
=iy (;#!)'!;!;jlzlx' (i|# ) II$2'$,#(X)dX_| '; .; =g I-!" ,!xt!(x“*)dxz!"!i'z",
URqg tbwp

[EX[H (x,! *)]] j = DE=

I log" #I ! Iog"#I G
1$; by 185 koo

- E{H(x, ! %] =DI[ ¥
URgb”"\qU T“$b{
YE[H (X, !)]=DI* > - EwAatEO ftbqz

1 !
b E)%tracc#l(! N'E[H (X *)] - = E)%trace#l[! 1'®If - = Ntrace#ld- = dﬁ

“iUloz  + =Equflogt, (x. Byu(Xy)] WA * "X
€0 ) B, = 109 04" ) Bl D) BB 1 1logt (X" ) Buu(Xu(" ) DL

qqo<3iO¢s t% Z et h{pbwpz 0A”» Xn(")=Xy >;MozbAg
>°Ab"Mtx + =Equflogt (. Byu(Xy)] WAE * <X

1€, (Xy) BPb, = —|Ogt Xy f ML(XN)) D_

gs“fbUz"'tz'x PN >»Zoz Akaike Information Criterion AIC
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AIC(MI) $ ‘DZ\'{ |C| (XN) ‘Dbl} = DZlogt | (XN !dML(XN)) + 2d!

>bAc¢ M w'g> "lag¢ AIC U-"M,r‘MpbPA¢ £q % h{
YyOgTWA”»)BpX°EWA”»-¢ A Xn={X;, .. Xxa} >~ "WwUelqwlqgqe<« Mp
eO0OT'2z'xfwsTp% ZD6s7G0:iS logt  (Xn B (X)) >—lobPAg w
‘q>°A'0q h"Zpb{\w<U—-"M,r (KL @C"W™ p )'M' >b”

PA¢ gMO\qts“tb{exxztllaY"»:UyQey7G0:iSXxGVX

s“tbwpz DPlogt Xy Bu(Xn) g d xpASt° At®OMOX"\qU T“tb{% aA
"»o¢ A Xy T'zIiAY"»>2i0$tZ b” mwbAg M qMyURQ’'«" O
uz! ,"ly4s’yziSweaeiuxex

D|Ogt ! (XN éML(XN)) $ D|Ogt u/(XN pML(XN))

gs“ibUz d<diwMU®MO

AIC(MI) = DZ|Og !(XN pML(XN)) + 2d[ < E)2|Og c)/(XN !AML(XN)) + Zd%: AIC(MO/)

gs"s'yz‘M' sb"gMO™ p M w,OU My'“ eoM”’gMO\qts”
T b{

£ BIC Bayesian information criterion
YAIC Wiq% 7tZ<w'Osf > 1b{
Apl:O«Ag  x()! X" R

W-ppS  #X)

qs A"» Xn = {X1, .., Xn}

PAG WBU {M}uw M ={t (x!);1 11}
PA¢ M wiady”» 111,"R®

PA¢ M w Sb”-puS t,(x!)

N
DAQ M, widY”»wiS tl(XNI):I 1t!(Xi|!)
I:

yWT'UzO fw-q owy Mf pbUztczbPAg-Rgx‘'wiavy”»
WaRtOb" % l-puli (uS)
PO My, 1)dXod! $ PEXA(I ) ! dXa, M(1 ) =My, (1)1 dl - [Pr{...}, probability]

>BQ1tb{ AIC px ! xKXtpiladY"»p hUuzO fw-px-pO«Acg "(') q
‘0 Q'eoM”"\qt«e oXi*M{\w-pxUECV-pwUT’
p(XN, MI,I)dXNdI :p(XN,I MI)p(MI)dXNd' :p(XN ',M|)%I MI)p(M!)dXNd'
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"tz
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P(XnIM: ) p(M;)
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q° tG\pV'\qU " T“t h{bs™jz widY”» I* s PO whbAg x

(M} wawr\TtK”q 0zA”» Xy >)Q’ehlitz whAg U M pK”
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p(M,) = 1k

q fbgqzA™-px

1y " (XIS (#IM ) d#
% 14, o XNIH#)S(H#|Mog) o
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qs“Ib{EUwWIl<x
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PA¢ M wiS
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h’bbPA¢ >{S"\qUz7GA™ap (maximum a posteriori MAPY O b b Ac>{S
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I xBuxw
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I 2log" 4
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ﬁ N _—
[. ML(XN) XTI Swpz 'S (XN,pML(XN))

= 1ogt (0 B () + 5 DP () H 0, B (060 DB (%)
I 2log" 4
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]
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qUApVib{
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HOg hotfbq ' ' =RYQqs“z
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URgb"qqg<«tzYFulw m>alt hofQT'U™w diid«Ag at0'o
1y 1 ex }le‘*IIDka'a"'Dde:O
@) det' | D& )$-(! )KOa’(! )d!
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- £ NUGUGVMI
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£ MDL
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DA(} M, wiayYy”» 1, " RdO

N
pAcM widY’»wiS  t,(Xy !)=! )
i=
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MDL = Blog (X B (X)) + 100", o a GetNE B oD T

= Dlod | (Xn| Bu(Xn)) + glog N Dglog Do+ IogI * |detB[BH (x,")][d! +O(N"?)

-&!

pUApViEb{ [\\xzVjeq«ZoMitde{*RVjeqG\ fb{ ]
y\wOjz N>yG~dhiw h”ow">'bqz

MDL = Plog | (X| By (Xn)) + glog N

gs’\qU T“$b{\s> bey BIC q°+ %b{

£—: 03S:wdJ:

y«Zwa > " tbqz AIC p< BIC p< 02S: NU-"*"MqVxrOs”wTqgMO
YdU\latb{«Qy BIC pAi°h Hdlog2tmMoxzbPA¢g-Rpél>cmots
“tbwpz NU- "MqVtAL tXXs“tb{ 'tz N=1ilh“"ftbqz

BIC = D2log  (Xn| By (X))

qslo tMziayY”"»": d t'"OEcAYU«Qo £Mifb{
yAIC g BIC rj't o<z NU-"MqgqVx> wBE€UZAiIqtO\qts“thb{
®z‘Alsfez'@C",j AICN PAei-~' ~EYC_z72qZ[z 2007w 70

t MDL ,jwrt>'oM” bE\WG\t<Gw'Os«wUK"“the

®-pbPA¢ MtSMozhqQyz [Nxwo ]?2xTw ¢ mxq ‘O£>{qt
qSt huwpbAg
m

£ (X1, oo X 1) = i!:1t x|)

24



>BQ7qzIiAY " »wW:x% apA”»w:U Iimtnlo $0‘0Ot_Q"{\

wqV logN woU logN/m) gs”{ m>IxtGVX 0" '0O{«Qy m=N gbe
yz\woxsXslo 'tO{\0Os"qz MDL wGUOX™ >srsXs”{\

ex MDL widA¢«upK”"{ T z msw >1qSeyzNY¢3R"@C
@»x skKh*w m ts”{GUoxzNY¢3R"@Ca»w.uw logg-o0Z
oX"Wpz.ud>0eey NXx/E!t-he”’{"hUloz\widA¢s«puxr

«b”{

y-Ttz q%°0iT'w psMOuzhgQyOMI%»w sw wOul

srz+iOg: N>—Owx>EjugM{\\pMO NxNY¢ 3R"@C"¢Cae

»EWSSVA pK'gqb"qzfor>b"{~

yiGw YiIAq% 7tz BIC w<Za w - £EwAL> _tbq NwGVAt i 'ct

B2logp(Xn M)
' D2logd , (Xn| Ba(Xn)) B 2l0g%P0 (Xn)) Ddilog 26+ logitlet(BH, (Xu, Bar (Xn)))#

gpVi hUz™-w 0

D 2log% P (Xn)) Dd: log 26+ logitlet(BH, (Xv, By (Xn)))# [log 2%= 0.693]

x Occam :qzyeh*“ fb{fexzIiaY"»> yebqGVXs“zOLEcAYt
s"opbwpz!¢8Uw8Utae>Ko'+”,VoeqMO ™ pb{~"t\\px
bE\WMONY¢3R"a@»w O.u OU #et(®H (Xn, By (Xn)))#t, ... 1p " 1 b{

D2log%Pu (Xy); A2tUI>A@Culigbeyz :ts“tb{
B log 2= D0.698; \WoxiaY"»w:UyQhMtix bts”opb{

logttlet(BH, (X, B (Xn)))# 8 » EH, (Xy, Bur(Xn)) WOG VA OtK h “ £ b{

y«Qyz°swA”» Xi={x} p{ShoOuz

D2logp(x M)
' D2log (x| Pur(x)) B log%Lu(x)) Dd log 2%+ logitlet(BH, (x, By (X)))#

gpVibUz\wOuzae»

I 2log" & ! 2log" 4

H, (X, pML(X)) = Y o = 1$i!1$ (X’pML(X))p

>bAg t.(x|!) T'Ut-% 0z det(®, (x, Bu(X)) >{S0 tIh *Mp +0O{

- £ Hessian matrixw G V »

y Hessian matrid, (Xn, B (Xy)) X710 Tee»pbwpzU'lae» U[u'u=IJ U O o
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U"H, (Xx, pML(XN))IU = diad) 1, ...,) o)

qO0 =pVib{ ) ..)d x HXBu(Xy)) w{ <pzi:ts“tb{\wqVz
d
det{BU"H: (Xy, B (X)) U} = ! (B))
pbUz°Mp
det{EU"H, (Xn, Bu(Xn))'U} = det U-"det(®4, (Xy, Ban(Xn))) detU = det(®1 (Xn, By (X))

d
pb{ " hUloz det(BH, (Xy, !GML(XN))) = i!zl(D ) p oz BH Xy, !GML(XN)) wO. u Ox

d d
itlet(BH, (X, B ()= @)= # #= ttletth (X B (X))

gs“ib{«é o, Mwxz<« { «t OU°mp<K“tbqgz.ux Ots”\
gpb{"'tfw0:x

d d
logitlettH: (Xu, B (X))#=log(t #4 =" logs s

qG\pVz Hessian matrit (Xy, Bu(Xn)) WOGVAOpb{GVrw O+” O Hessian matrix
{ «t OUK“tdoewpzY ae»ts“ib{

- £ N=1wAIC
y £G\ tb c-AIC tSMo<« N>d+1$3srwMvUTT“tb{bs”jzresY

"p< N=1,2wgVx EXN7%AUC,, "0 tMz-%pVidee [Appendix (3){
ML

y \w'Oslzrw Ot C-AIC >rw'Ot<Mh’*Mwp «eOTe¢\ex]JIp

b{£

£ v.Y Pnite corrected AIC (c-AlC)

YAICx<ZwMt N( " g 0<Z’oM”"hSz o0A"»:U—:wOutx-Qitd

e{\et0b”"0f>® AICw v.Y cAIC qz|zl zp4dY> So criterion >
2d, &N

c-AIC(M,) = B2logt | (X By (X)) + Nrgrq forN$d+2

qY-t{Sth (Sugiura, 1978 hi " z C-AIC xZ<t°pb”*OtiSPA¢cWYFQ
q%°U,>> "h> sPAcwOUtY-t{S’«"wpK“z° whPActfw
11&;pV'gMO~"ZpxK“ftdee{
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yc-AIC(M) x N( " pXx
c-AIC(M,) ( B2logt : (Xu| B (X)) + 20, = AIC(M)

gMO‘Ot AICt) “tbhUzxt

2Nd, _ 20 (d +1)

Nt 128 Nrgi1 O
pK"\gty™&MiIb{\w8Mx NU-"MIitxGVs«wts“tb{ jz N U
—~AMIt originalAIC xOZA¢AY”0 [biasw2N =2Nb; - - £Z<€° ]>Ts"

—AX _u<“UjiqtOo\qts”" " Zpb{<Gw >€Rth"gq " T“tbUz™
Zg)UGVM\gt«é oXi*"M{

[2Nb ] N=d+2 d+3 d+4 d+5 d+6 d+7 d+8 d+9
AIC c-AlC

d 2d 2(d+2)d (d+3)d 2(d+4)d/3 (d+5)d/2 2(d+6)d/5 (d+7)d/3 2(d+8)d/7 (d+9)d/4
2 4 16 10 8 7 6.4 6 5.7 55
3 6 30 18 14 12 10.8 10 9.4 9
4 8 48 28 31.3 18 16 14.7 13.7 13
5 10 70 40 30 25 22 20 18.6 17.5
6 12 96 54 40 33 28.8 26 24 22.5
7 14 126 70 51.3 42 36.4 32.7 30 28

(2Nb for c-AlIC) = 2( (2Nhb for AIC)

- £EYFUIPAC¢
y W\pxzYFuibAg Normal(m, &)

t(x!)=t,(xm &)= %exp{aflz(x’am)%

tSMoz Xny(1)={x:('),..%( )} w 0>)Q’+hiw + = Exoxflogt (.| By (Xn))] W *
"¢C7G0:ISE

16 (Xn(1)) = %Iogt C(Xn(M) !dML(XN(! )

romL (Xn)

w* | Zu b, =E[!C!(XN)]D+! >Y—lt{SOA:l:\‘O{ pML(XN): 'q\2/||_(XN) x0:i
S
N N 1 N
logt (X m, &) = ! Jogt (x m, &2):D§I0g(20/&2)5ﬁ_! (x By
1= . 1=
>;MhisSM U

N
I 1
logt (Xy m &) =Dy i!:l(Xi pm) =0
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N

! _ N 1 _
mlogt (X m, &) = Dp + Filzl(xi bm)>=0

wrpbwpzfege

N
1 .
mML(XN) = Nllz 1Xi $ X, 2SS E

N N
1%, (%) = li!:l(xi Prine(Xv))? = %i!ﬂ(xa bx;$s; 2Su,

qs“tb{\epz2S EqaSu,w™ <" TloVib{bs~jzfe xfeg

< ES‘|<i,w7i* <pKIh~“Zpb{YFuiwOuz a§ Eq aSi,
Xxw-$t gpK”"\qU"TloS* ["Ze\ ,1990]z\¢«’w 2aS E

»¢< Eq<i,w\qpb£> m*, &2 q 0z2S Ex

-I—!,\I(m(! ) Bm*) ~ Normal(0, 1)

) ()2
v (Xn(! ) =%(! ) ~ Normalm*, N )

[f(1)~UIE Fygx® f(!)UF Gib” \qgw™ pz\\px

X' ) ~Normal(m, &) 0 puS : #(x) = 21| exp{Dlez(xDmY}
gMO\gts“Fb{ ]
qMOuits“tbwpz
Ex v (Xn)] = Ex[%] = m*

(! !)2
N

Y[ 10w(Xn)] = Ex[(rw(Xn) D*)7] = %[ %] =
qs“zaS Ex< EwWAE * <pb{

y°MpaSu,Xx

N
s~

N! 1

2 0Tw-% T

qMOUipb [Appendix 3)]wpz *

ExN[%sﬂ =ND1, RJ'L (Xn)] = Ex[s] = %(&*)2 forN$ 2

%m[ﬁse] S2ND ), %l O] = 5] = T (&) for N§ 2
N 1 .. 1

EXN[{ WSZ}_I] = m ) EXN[!Q\Z/”_(XN)_I] = EXN[(Sz)_l] = W'm forN$ 4
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qs“tb{ [\\pwraepxOApxK“tdeUziUT 2aSu,U<i,wAE *

(12 N 1

<psM\qU”™T“Fb{ ] sSz ExJrow(Xy) Pm*)?] = N q EXN[!qaL(XN)il] = (1 !)zl—N! 3
X™p—Mzb{
yrotcz7GO0:iSx
I N N
logt ) (% Pu(X) =D log(24% ) DZ'Q& i!=l(>Q Drtw.)’
ML
N 1 1 N
— 2 D o | L\
- Dilog(ZO/dqv”‘) DZ!q\Z/IL {N!q‘/”-} [<Z!q\/IL = Nilzl(Xi Priw)?]

=B {log2% (x) + 1}
gs“fb{
yit Edlogt(x. By (Xy)] tmV i ox
E{(x Briw)] = Ef{(x D m*) + (m* D10, )}’]

= B{(x D m*)* + 2(x Bm*)(m* Briw) + (M* Driw)’}]
= E{(x Pm*)?] + 2(m* Dridm) E[Xx DmM*] + (M* Driy)?
= &2+ (M* Driw)?

UR“qjtbwpz

1
pilesh

Edlog t \ (x. By (Xy))] = EX[D%mg(z%qaL) 5) (X. Pritw.)?]

1 > 1 L,
= D log(29855. ) D%Ex![(x. Briw)?]

(1 1)P+(m " rbu)?

T

= B3 {log (296, ) +

URQ fb{pbwpz* | Zux
b $ E[IG (XN)] D+

1 3 .
= ExN7ﬁlogt !(XN DML(XN))A‘D ENExy[logt !(X.l KjML(XN))]/A\

(' )2+ (m" rov (Xn))?

_ 1 D 1 D

- EXNDE{IOQ(Z%Q\/IL) + 1}AD ENDE{log(Z%quL) + IQ\/IL(XN)Z }A

1 (VDEH(m" v (X)), 1

ST Tz 1103

—}E A A &2+ Eq[(MmDrtyw (Xy)} D} [<z2S Eq2Si,x ]
= 2 XN W N ML N 2 y C] ” q
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_1. N L (121 2
=2ty )ZN' A& 25 =Nr 3
qzY-t-%pVi h{hi'z N$4wUExmMoMib{

yAIC wiwOA£¢cAY0 2Nb(M)=2d qz+ fbqz \j'x

AN 2Nd, _
y o AN =D = T g1 [Fd=2]
qs“z AIC wiwOEcAYogxYsloM”wU T“tb{¢\\px d=2q{
Neh °whAG TK“tdewpz c-AIC >{Stdep h{£

- £ Normal populations with different means

y - - EwYFuibAg> E<wVYs” gs dD1xwYFUibPAgC, X%
°£t!A’0zY-s AIC (c-AIC) >-%0 0" 0O (Sugiura, 1978)\\pw b A¢ M,
Wf XZ<w'Os<wphb{
qs dPIxwYFul Normalm, &) 1#i#dPl;,pbT zI&Y"»:x d=d
L= (my, ...,My, &)
d 1
samplingXy = Xu 1 .1 Xug 1 Xa = {Xi1, oo X}; N = i!_1Ni
XN = Xty e Xingy oo Xity coe Xings ooy Xty e Xe10g 1}
xij(" ) ~ Normalfn, &) for 1#j# N
mi“z Nxw-p!:xb,0 qt%°wi, & qfegew ExEjzfwOj Ni

xcmU%°w E< m>EmgMO> pb{"hUlozPAcwiuipSx

d'lN,

_1 o1
t!(XN!)—-i,jt!(Nj!)—(’Z!—)N ! eXp{DZ.z(xJDm)}
pbwpzO0:iSx
d'lNI
logt (Xn!) = —Iog(2°/&2)E)2| 5 (xJ Pm)?

qs“tb{7iM UT’

Ni
) k lm{logt O 1) =D 'l(xjam)m:o
d 1 N
! N 17 _
mlogt!(XN = Dﬁ Wi.:lj.:](xijf)m)?—

T'z71* <q7GO0:i1Sx
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N;

1
B (40) = ,I_ =%[25 E ]

d' 1N 1d| 1N d 1 N;
6L (%) = = | ' (6 D (X)) = !

d'1N|

2|q\/||_(XN) - I (XIJ‘E)rul,ML()(N))2

logt, (X Pu(Xy)) =D= Iog(2°/dqv||_ (Xy) D

=D log(2Fy (X)) By =B {log(2%Fy (X)) + 1}

qMO\qgts“tb{\\pz% az+ fweRw+iOeai- Xa(")>RQtbq

d'lN,

|
2IQ\/IL(XN) i=1 ] _](X j DO (Xy))?

logt + (Xau] Br (X)) = ngg(z%qaL (X)) B

d'lN.

! LI

265 (Xn) =11

dl 1 N

1 1 2
2l¢ ZL(XN) =1 ] y EX'N[(XIJD)Q)]

ExJlogt | (X ] Bur(X0)] = Exu[® glog(Z%qaL (X)) B

=0 log(@4t. (x)) ©
>RE 0z

1 ..
= NEXNEX!N[IOgt 1(X.N| pML(XN))]A

1€, (X (" ))_—Iogt (Xn B (Xn(")))

thM oz* | Zp b $ by(M) x

bu(M,) $ NE[IC (Xn)] DN+,
= Ex,A0g t (X B (Xn))AD B, Exi[D10g (Xl By (Xn)]A

d 1N

:DEN7§{I09(2%Q§|L (Xy) + 1}AD ENBglog(Z%qaL (Xx)) D= c— U El(xs DRY]A

2182, (Xn) i=1 j=1

d'1N|

! EX'N[(X R )Q) ]AD—

= EXN 2|qv| (XN)I 1j=

d 1N

_1 LR\ aap - 52
= 2Bl )\ e EXNEX.N[(X.,M)]AD y DF =0 (4) g Ga (%) x g ]

gpVib{fipz

ExuEx[(X5 DRY]A= Ea[(x5 DM*)] + Ex % Dm*)°A= (&)* + |\|£i(&*)2
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(X'J D)’ = Ni sty[s2 j-_](ij)x;)ZaSu,,

]



dr 1 N; d 1N 1 a1
L L BBl Deylas (897 5@ = (&)7] (N1} = (@)'N+dP )

i=1j=1
pb{thzueaei2S Xy >BQhltxz\wow+iOg¢x Normal(m, (&)%) tHOw
pz
N
N

qs“tbUz )EDUitx6\Q [*24*2=+2 JUK“tbwpz\weéxx S

da 1
' (NDL)=ND @D 1) =NDd+1

w) EPUIt"hUOzbs™j

di 1

I 2
=1 (! !)25‘i2 =" N aen

. N 152 1 dl ! |NI dl! ! N; L s p
Poz Gz =y )2 6 PRy = st pThwpzAA
(! )2 q"”— (Xy) ~ Nl d+1
pK*“z
d 1 a1

N N
ExN[W!Q\ZAL (Xn)] = i!zlExN[Wsﬂ = i!zl(Ni P1)=Nbd+1

Ex 650 (X0)] = N! d+ 1(&*)2 for N$ d
N o o 1 N 1
EXN[{ (| !)Z!qv”- (XN)} ]_ N ! d' 1 EXN 'OML(XN) (l )ZN' dl 1 f0rN$d+2
URQ b [Appendix 3){fwALzl Zux
d 1 N N
bu(M:) = EXN I, (xN)A.'1! ExExu[(x; DRYIAD 5
1 N 1 , N
20 HZN! d! 1(&*) (N+d91)D§
__daN
N! d! 1

~%"etb{  “hUloz N+ =EqEx[Dlog  (Xal Bu(XW))AWAE * ">
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NG, (X" )) Bu(M:) = logt s (Xu(" ) Pua(Xu(" 1)) DR(M) = logt : (Xn(" ) B (Xn(" ) Do

N! d! 1
gpVi oz Xy(")=Xwvw* <t b2>bao c-AlIC U
B . 208N .o 2d &N
C-A'C(MI) = ‘DZ'Og !(XN pML(XN)) + Nl—dll = N{Iog(Z%qu (XN)) + 1} + N'—dll
qY-t{f“F h{
y T z\w c-AIC Xx\\pWYFQ>> “hw-bA¢gtHIo-%"+h«wpK
“z° =xNetde{ihz-%liz N$d+2>> "oM”\qt<y ™b,Vphb{
AIC srp 2>PaoM”g xzfOb"q 1/2U«doziS (w ) U
N{log(2%G5, (Xv)) + 1} qpV"gq\—tK*“ 1 b{ 1/2wZtxYFiiw :tK” square
rootwO:pK*z expw”wew 1/2swigMOqg\-t«<>nMoMhiZh’%Mp
b{
- £ Linear regression model
Yy\W\pwPA¢gxYF¢ s<bAcgpK*“z'X-"«"PAcpbwp\w c-AlIC w
;QxO0Mp +O{thz widy”» I* UPAg M, ={t,(y,%!);! 1 1 ," RO} wat
teoM”\gq>2 t tb [U* #(y, %) =t.(y,%/'*) gMO\gpb ]{
YyYF¢ s<bAg M, p X
dbliwtil:¢f 1:z ql:zz!"£ %0(1)$ Xa(l ), ooy %an(1 ), 1#Kk#N

[\W\pw tilde~xa& O«Ag>™ " $Db{ ]

Xl )
Nsw gs A”» XN(!)$F é;N((le)ae»
) At ) )
U)Q'sth [W\pxz\eftpwA”"» ¢ A Xn(t)={x("), ...xn(! )} sgxYs“zee
»tsloM”\qty ™M&M1tb 1{Ziw> T'zeti!: x(!) x“Mt gpK”
\qts“tb{th\\pz (dDB1) (dB1) matrixXy'Xy tm Mo

N N
X' Xy = ax; K ax; k= ak!_leiijk: | le!"Xk!

UR“qjtb [Kgp-Mtb J{YF¢ s<bPAcpx”"'t

es$l:¢cftil:iz O«AgE y")=*% g
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-

b1

[AY"» I = |b2 Py Rd,b=;E : % c TAY " »: d=d $2
' Bar 1
I!l(")0
Eq 1(0)=*F é;!(!)~NormalO,&2IN); "hUlo !(')woox“Mt g
'n(")
s>f “z¢ s<U
y ) =Xy )b+!1(1); & 0A"»—tx yi(l ) =x( )o+*()
>BQEtb{pbwpziSx vi(! ) Dxu(! )b~ Normal(0,&) wiu T’

N
toy, Xal!) =t (y, Xl b, &2)=.! L Xalb, &2)—' %eXp{DZ, 53 (Vi Dxub)’}

N

1 | N 1 1
_(IZT—)N p{E)2|2 (yi Bxib)?} = (T )Nexp(E)Z! 51 DXub#)
q gqreftb{\wiaY"»f pxz dxwiaY”» {b,..bs, & >;MoMZb{
\wOjz7G0:iS>(“Xqgq”~ctz bi>_ loMlo-"s d>q“z7-w c-AlC
ts”1aY"»- ¢ A>{S"\qUPA¢-RWA-ts“tb{thzxus> q°
oztl!: Xn(!) g (til:T es!: yl)uzritc~” YE T !I(0) xw-$t
qq s”tetb{ Xn(!) txz rank X! )=dP1ZZtiuiw “srw> xA“fdoe{
N A | |—I b I, " Rd A I*—. b
yrMt\wbAg Ly, X))t = 5 11" Rt whAg  I*= ahe TeoM

"q> “ozfe> wapil

#y, %) =t (y,%|!* = %exp{f)z(l—l!)z(y bxb*)?}; %, 1( (db1) vector
L(! ) ~ NormalQ, (&)2ly) ; %[!']=E[!" ] = (&)«

q'oSVib{\\pCZCQotlqVibqg84« E[.]>q”Ix\w w-pil
#y, %) tmMow84<« E[.]>qloM"\g>-Y&Mitb{thz w¢ s<U

y(r) =Xa(" )b+ 1(1)
T'z (X\(")y(')) »>)Q'+"\aq Xt ), 11 ) >) Qe "\ g X %o <p K"\ >
*0SVi «0{ hUlo °*wapl!:  f(1)t0 o

EXNYY[f] = EXNJ [ﬂ R
URg tb{ Xu(')q!'(!)U gpbwpE%wW84<wMU-M>Xs"“$b{
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. 1 1 . R
yiSu t!(y,XN|!)—(!T)Nexp(DZ! >H DXWb#) p hwpz0:1S

logt . (y, Xu|!) = D_log(zo/&z)a Ziyabe#
>;MhiSM Ux

,btlogt 17 XNI')—,—ZXN (y DXub) =0
|

! N 1
Wlogtl(y,XNll): Dﬁ +WWDXNb#:O

Bt (Y, Xn)

gs“z\wM Uwruzi* ” pML pbwpz ML(y Xn) = quI (Y, Xn)

XN (y DXNSML) =0

1 ..
PN + W#/ DXNBML# =0
>- h A Z
SML = SML(y, Xn) = O Xn) " XNy

. 1 .. 1 , , 1 .
=165, (v, Xv) = N DXBuc(y, Xn)# = N DX X)X y# = NY {In DXV Xn) " X}y

q~'etb{hi’ (dP1)( (dbl)ae» XXy UY pK”"\qzbs7j rankXy =db1 p K
"[Zp$t N$dD1]\g>> oM Ib{

S ETAY »WTi* "ww-$Qi
y\\pfcz Bw q'®, wQi>D,0°F «0{ ixz y=Xb*+" pbwpz
Bu (Y, Xo) = (X" Xa) " Xa"y = (X6 X) " Xof" (X + ) = b% + (X" Xa) " Xa™ $ B (", X)
Bu (! (1), Xn(! ) =b% + (X )Xt )" Xn(! )1()

qs“tb{ ') g Xu!)x gpbwpzZ<px X! )=Xy x)Q’+hqg 0 ¢y w”
>apl:q o “{loMVib{fc Bui(1(1), X) XYFUIWE 18swpex“Y
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—E)Elog(Z%qe,L) DE%E&)«[{X.(I’J PBuw) +*.}7
— 1 = 11 0 * a 2 2
= D2log(24f,) D2 - YEL (0" DB} + (&)
2 g L 2!% %l X ML

. 1
pbwpz + $Ex xlogt.(y., % Pwuly, X))l w* 7 ¢7G0:iSw N E

(/) X)) = oGt (5 ), Xl ) By ), Xl )
wem | Zp o X
b = Ex[!C (y, Xy)] B+

1 3 3
= nyN7ﬁlogt [(y, XN pM]_(y, XN))A‘D E,XNEy!,@_[logt [(y., xX. pML(y, XN))]A

P T A DN
= ExD5log(296™) + 14D, E P log(2k! A

= 25Tyt AL By, X)) B} + (&Y 4D

- %%z,a[x.E!,XN?(S UEC ’XN.)%’L! (),(Bx;g' By g+ BT ) (} <o A&V D%
- L n 7O ’XN.)E%’: KOO X g M 1'@7 0
= %O/E)(![X.E!,XN7(BML(! XN)%)LI(),(BQLY ’XN)Eh!)tAﬁf] N D%

39

(%.b* + & Dx.Bu)? [y. = %.b* + &]

Uk [{ %.(0* DBy, X))} + (&) A



(Bha (!, Xn)ED )(Bha (!, Xn)EDY )t

gs“Ib{f\pKgz-% sXoxs'sMwx E x.7
t%\/u_(' XN)
bUz Xn(!)qg!(') x gpbwpzitc XN(1)=Xvqg{ o ')y w84<>q”"\g>RB
Q1 +O0{ Xyw(oae»> X¢[XXuv=le] g tbqziG - - £ p\,h\qT’
Bu(! (1), %) Db = (XXX (1) = X P! (1)
1
35, %0 = RO )#
URq oMt hwpz
_,(BML(' Xn)ED' ) (B (!, Xn) ED )tA—N = PXn)! TPP(X )t Sy
& (1 X) SET et
gp Vi b{A "t P(XN) $ XN(XN“XN)’IXNl q Q(XN) $ly DP(XN) X“Mt U : b"ue”; E p )
hT'z PXWO)!'(') g QXW)!'(Y) xw-$t qts“F oz
(10 ) = NXE[PX)!H{P(X)! HE, [IQ(X )i |2](XN )
t 1 N 1 1 1
= NXPOWBL IPOW Gz )2N|—d|1(XN) B ek 2™ ThzNT df 1
= T g P PRI@ P06 T LT = (@)
= N1 gr D PO [ POXP(X)! = P(Xn)? = P(Xy)]
N
= ,\”—d!l(XN“Xv\l)’l [! POXN) = Xa(Xn X)X
aqpVib{\\pz~So Xn(!)t b”84<¢>qey
(B (!, Xn)ED ) (B (! Xn)ED)E N v
el '8, (1, Xn) A= N ar 1 X XA
U{t“t h{\e>] ZpwUtcr tbqz
1 N 1
b, = ém%ﬁ[x-EXNKXNﬂXN)_IA‘-l] + 1 Dé
= %I\”Ld!l%race{ExN':(XNt'XN)—‘/E,e[x.t'x.]} +1/ D% [! trace{AX'x} = X"AX]
= %I\HLM%race{EXNT(XNt'XN)-‘AE*[xt'x]} +1/ E)%
gpV fb{
yhroz v.YW «tS fbZercz<’ NUGUGVZeyzG:wO t**

40

]



N
X)) = 1 o et ) BB
~ O YX )T (NEDER)

URq fbwpz
Ex (Xn"Xn)"T" Ex[(NELxX])"] = (NE{x"x])"

UR“qjz
b s N e ELex) Efx'x]} + 1/ D
1 N gt 1 1 1 N di1 1 d
= _— 0 = — = — & e
SN g1 g acel T+ U Bs = sy Y1095 = g g

qMO‘0tz3iO¢s* | zZpU{F“tb{

[Wp NU-"MOuUt E[X¢Xy)']" EXy'Xy]" URQb"TrOTRO0 0" % +0{
tcz os dPl=1w-"p>RQo tb{\wOu Xy X Nx 1 matrixts“tb{f\p
X

N
Xl ) Xu() = ot )
qs“ibUz xu(')tYFul x(!')~Normalm, &2 >> “tbqz

N
! Oa() Pm)/&? - 2
i=
pbT’z
N
Ef! (% Bm)/&7] =N [' *2 4iw E< ;Appendix (3)]
1=
N N N
- E[Xu'Xy] = E[! X = N(&* +my) [! G Emy = ! X DNM? = X' X\DNmy]
1= 1= =
EXXa = ot
N TN 24 NP
gs“tb{°Mpz
e[ ! =1 %2 Giwo:w E<  :Appendix (3)]
PN (! mp)Z/ 2 N2 N
1 1

" Elrax Nned T (N1 2)1 2

URq oMtb{\\p~'tz m=09g°0"fhbq

41



1 1
EDXN Xl = g < B X)) =

2 (N1 2)1 2
q°s sM\qU~T“%tb{ N=4srwl [N$4p h ]txz
E[(XNt'XN)_]] = 2( E[)(N[l)(N]_1
qslo tMtb{Ziw'OtS«U Ob"\qT'z° tx E[(Xa'Xn)]" E[Xa'X]

URqg sMgAa”ef h{ ]

yZiz )X ) (NELx'%]) pxsXocz  E[(Xn'Xy)"]T" E[XnXn]" = NEJ%'%])" UR

gb”Ous’y [IGptI'h'Otz\w\qgx NUGUGVZ+syRqgq'tbh ]z
, d
b [ dr 1
q _u<eti'o0zYF¢ s<bAcw + $ Eyxposollog t (Y., % By, X))l WA * 7 X
. , d
G (y(! ), Xu(! )) Db —|09t ('), Xa(! ) By ), Xnl! )))Dm
=b5 {|09(2°/‘Q\/1L(y(') Xn(! )))+1}DNI d 1

q_uce"\gts“Fh{\w Xu(1)=Xuy( )=y tSZ” + WA * < I5(y,X) Db,
t PN >Bcey c-AICM)
c-AIC(M)) = DA{!C (y, Xy) Bh}

2Na,

=B2logt s (y, Xl Purly. X) + ==

2Nd

= N{log (29, (v, X)) + 1} + ==

U{t“t h{ £Ew7sp\,h'Otz\wOAE¢AYo Noqrt X NU=~MIt
AIC wWOAcAY0 2d tx,0GVX®MoV 1 b{

- - £ Linear regression model with a constant
y - £EwbActSMo

Xea(! ) = 1 for evenk
bcH:C
q tbgz¢ s<U y(l)=Xy(' )b+!(") xzeo t_tfhq

dr 1 d 2
yi(l ) =x%e(! )o+x(1 ) = j!=1xii(! o +%(h) = -!=1Xij(! o +c+x()
qMO‘OtzI&aY”"»0 c> @i
db2iwtil:¢f l:z ql:zz!"£ {Xa('), ooy %aa(! )}, L#K#N

42



t'7¢ s<PActs“tb{

y\lefpw - Ewraex7™t  X\(!)t ‘o E Ex[..] >q"2tpxz Xn(!) wid
t?2w> «"Tctz Xn(!)=Xut{ "02@> St hwpzf\ipxTX% a”
eUZRib{f\pzoJU "q h’ - - EW7T™w%p E[(Xn'Xn)'] >°AD”
MgMO\gts“fb{ Xn( ) Xn(t)Urw'OtsloM”Tz_fbq
N
[XN(' )t'XN(! )]ij =|(!_1in(! )ij(!) forl#l,J#dDZ
N
=1 x(!) fori = db1
N
:!_ (! ) forj =db1
=N fori=j=dbl
gslo7™woU  [Xn(' )*Xn(! )]@nen=Nq :ts“tb{ \wlgwelx - - £w

7T™Mw%pGUGVs NtO o

N
X)) = 1 o et ) BB

qs”’\g>RQhMtz NwGVAtc

1
N[X N ) XN ey = ERM %] anen =1
gs"qMO\qiZpbwpzdJIxC\ fdaee{

. . x s : d "
Yy hUloz :0> %0¢ S<DAQp<| ZU> b, m g_uce \qt
s“z

c-AIC(M)) = DA{!C (y, Xy) Bh}

2Nd,

D2logt : (y, Xu| Py, X)) + N!d ! 1

) 2Nd
= N{log(2%g3, (v, X) + 1} + ==

URQq fb{

[Z<wamMpprz Xn(1)=Xy>{ "0zIGw¢ s<bPA¢tSZ” :0w7

b
¥ < () Ww>Q>D,07F +0 X8 (10,68 . g ["¥bqz

c

43



1 1
oy, X 1) = d—arye p(DZ, 2% DXA) = A &P

SRy ( T 5 ziyabe PLcH)

pbwpz7iM U
! 1
W:|Ogt !(y, XNl ! ) = I_ZlNll(y DXNb ‘DlNC) =0

,b't|09t (Y, X! )—! 2XN "(y BXy.b. B1yc) =0

A1) = S ) DXuBiul! )
X XoBa(h) =Xty (1) DX b (1)

= XY ) DX i L (Y ) BBt )

1 1 o
= Xn"(In DﬁlNth)Y(! )+ NXN-" LA Xn-Buc (! )

- X (I DLLN) X3 Brac(! ) = Xa (In DL IN)Y(! )

qs“ib{ IWDLL/INUe "Mwpz KS$LL/NI$IWDK g [ $bq
X" B () =X Iy(!)
gs“z (XUIX)' U Ob”"\g>> "o

Bi(! ) = (Xn" %) X" Jy(!)
pbT’z

1 B} 1

Aa!) = Iy BB (! ) = G (I B (X %) X" D)y ()
g{F“¥tb{\\pz K,JtmMox

K2 = LIy An/N2 = 1, 13/N = K

FP= (WBK)(IWnDPK)=IWD X+K2=IyDK =1

Ki=K, 3=J, KI=JK=0

KlN - 1N1N 1N/N 1N

J1y = (WPK)1y =1y DK1y=0 [- J'x O tdoe ]
sURQ'z KqgqJx0fpU!b”ueé % ts“tb{”~'t_& *Xb"hSt

P.(Xn) $ Xn. (X" IXu.) Xt

Q.(%) $ In BP.(Xn)
q [ ¥bqz

Anl) = XLQY( )
g qpV ib{ P.(Xy) z Q.(Xy) tm Mo x
P. (X2 = X (K I¥.) X ¥ (K IXK) Xt = Koo (Kot IX.) " Xwd = P(Xn)
Q.(Xu)2 = {In DP.(X)}2 = 1y D P.(Xa) + P.(X)? = Iy DP.(Xy) = Q. (xN)
Q.(XN)P.(Xn) = P.(X\)Q.(Xn) = P.(X\)(In BP.(Xn)) = P.(Xy) BP.(Xy)? =

44



qMO ‘Otz P.X)gQ.(Xy) xU!b"0ue& % pK”"\qU " T“tbUz wQiq"
0

P.(X) Ly = Xoo. 0" I¥ ) Xeed1y = O
Q.0%)1n = (In PP.(%)) 1y = 1y DP.(X)Ln = Ly

P (X)X = X (X0 I¥e) Xt I Ko = X

Q(XN)XN = (lN ‘DP(XN))XN = XN ‘DP(XN)XN =0

URGQ tb{hi'z - - Ew P(X)gQ(%) q8lo P.(X)qQ.(%) x0f@&»pxs
X z {IP.(X)} = IP.(X), {JQ.X)} = IQ(%) pK”\qty ™ &M F b{

y\Wipjc o7 ™t y(1 ) =X+ (1) = Xeb X+ L+ 1) [F x wo>Ob ] >REDe
Yz

(! ) = %lN"Q.(XN)y(! )= %lN"Q.(XN)(XN.b.* +Ler+1(1))

- %1 1,6 + %lN"Q.(XN)! ") [l Q.(%)Xu. = O, Q.(%)1u= 1]

=ct+ %lN"Q.(XN)!(! )

qpVib{% 7t 0z X B (1) =Xub* + P.OX)I( ), 188, (1 ) = %#}Q.(XN)!(! # {t"%b
[ 6t°qVib 1{iGpz +u(') XxYFUl !(!)we¢ !8ts“f hwpzex“Y
Fuits“t oz E<qi,U

E[ha] = C* + %lN"Q.(XN)E[!] =c

%WH] = E[(éw Dc*)?] = E[%lNllQ-(XN)!{éthlQ-(xN)! M= élN"Q-(XN)E[” 71Q.(Xn)" 1n

= (I !)2 t t = 2 1 t
= S W QUXIQN 1y = (@A Q%) Lt

q-%"*z (') wiix +u(!)~ Normal€*, (&*)2#$Q.(XN)“1N#) gMO\gts“tb{ ]

45



Reference

Akaike H, "Information theory and an extention of the maximum likelihood principle", Proceedings
the 2nd International Symposium on Information Theory, Petrov, B. N., and Caski, F. (eds.), Ak
Kiado, Budapest: 267-281 (1973)IC

Schwarz G. Estimating the dimension of a model. Annals of Statistics 6:461-4,H1978.

Sugiura N. "Further analysts of the data by Akaike's information criterion and the Pnite correctior
Communications in Statistics - Theory and Methods 7: 13-26, 1878C

Rissanen J. "Modeling by shortest data description”. Automatica 14: 465D658y19[Z8.

z'Alz bl°zz'0o>azPaupz< 6]+z'@C",j AICN PAzei-~
"' ~EYC_z72qZ[z 2007.

t“E1z0 fw-PAzi-zCO{3z 2010.

“Ze\z:gw-YzAZjz 1990.

-b zz'0>az@C",jzC0O{3z 2004.

( yzU a3 ;Upload 130605, Last update 140325)

46



Appendix

¢ £1 Uq trace
X"Ax =tracefAx'x} tmMoxZ<'“IT{

trace{A'B} = traced| A" BJ;m= trace! aq'bym= !_ !k a by
k i

tracefA'B} = ! !k au' bic
|
- trace{A'B} = trace{A'B}

!i !k QXX [B=xx"q 0o ]

trace{Ax'x’}

=1 y!
i k
gXtz A=l wqVz

[XP = x"x = trace{'x}

A = !i X[AX]i = X" Ax

¢ £ CramZr-Raow g WAI+C°GLE

¢ £ YEDPUI tCMo-
yicz Gammaiiw [qQi>»e *O{

Gamma function (s) $ !0' xslexdx for 0 <s
, (D=1
,(1/2)="T1
, (59 =(sP1) (sbl) fors>1
, (n) =n! forn! N

1 1 -1 X n
ok X exp(D!—) forO<-,. <

Gamma distribution  0Gamma(. ); #(X) $

Lo Gpgax=! xoerdx=1 yoedy= () swpz 1 #dx=1
X(")~Gamma(,.) wqV

! 1 X
Elx] = I 0 T OV X< lexp(B))dx =
ox] = | L e ex ®2))dxD E[x} =-. ?
o Pl =
y *2uigxz Nxw gs?jYFui Normal(0,1)>RQzfwED e
* 2 = {Normal(0,1) + ... + {Normal(0,1)} N xwe ]

a7



g o [*"{\Wiix%°YFUIT'BShA”»wi,>rsb”hSt t;

M en{
y*2wiuips>{S"hStztc *253Q07"{ x(" )~ Normal(0,1)q "z y(") =x(")>
qb”{ y(")wal @/ (y)=Pr{y(") #y}=Pr{x(" P #y} = Pr{Ix(" )| #y"?} ‘“z
o e Sax= 2 e exn®X
Iy =-. y 5 exp(E)Z)dx— 2.0 5 exp(E)Z)dx
y 1
= L rexp(B5)du [u=>, du= 2xdx dx:}uf“zdu]
o 2! 2 2
°Mpz y(")~Gammal/2,d wiiipSU
L y
#y) $ "5y "exp(D3)
swpz *2=Gamma(/2,9 UtQh{\\p~'tz Gammall iw6\Q>:Meyz
* 2= Gammat/2, 3 + ... + Gammal(/2, 2 = Gammall/2, 2) INXxweé ]

pK“z y")~*2wiuipSx GamméN/2,2)wiipusST’

N

— /2 -1 y
W =, (%)ﬁw exp(D3)
q)Q’"{
y~'t  Normalfn &) t%°iiib” Nxw gs-p!: Xn(" ) =)y e %(M)} PR Q

” q Z

xi(" ) ~ Normalm, &)
swpz\e>3j="0

(x(" ) Bm)/& ~ Normal(0,1)
* 2

gb”{\\pz<Gw'Osy NUib”—up!: y("') U)Q e

N
y()$ ! () Bmyrg ~*

fwqgqVz

1
L (3)22

EI =, vy exp®2)dy (=~ ) =N

oyl =Ely NP1 = (yo 1y ye-lexp(®)dy (= -, 3) = N

L (%)22

1

1 ()23

! N
1 - 2N/271!0 zN/2*2exp(E2)dz=! (7! l) N2 -1

L ()2 L (Y)22

ey =", v y-lexp(3)dy =

48



IR C I L1
—(%! D (V) 1)2 =NT 3 forN/2>1(N$3)
URqg *Db{

hiz N=21wqVzfege

=l 1 ydy=11 ' yiexp@dy=21 7
ElyT=:,y ! (1)21exp(E)§)dy— 20 Y exp(E)é)dy— 5o Z exp(&)dz

7_|!7 1 _11-|!i _1|!7

Ely'] = oY 3/2—! (uz)zuzexp(%)dy—! W22 o z */zexp(Ez)dz_—'—z. T o 2 exp(E)dz
gs“tbUztuitq<«C,” T b{
¢ £aGAv ¢
N\w gs-p!:O«Ag Xn={x(1), ..xn(! )} UT0z

Eq{Xx]=m

%[x] = E{(xi Pm)(x; Pm}] =$

LN

»-hbOU [ “& 2i0e&i-srHY b” 1za8 E ﬂW$NiKW)XNUGU

GVMliz, ..

%(! ) ~ Normalfm, %$)
qMOlUits”{K”"Mx
" N(%(' ) Pm) ~ NormalQ, $)

gs” [ul) b” 1{ hUloz
EXN[m] =m

%4,¢] = El(e DM O] = 16
URgb"{

¢ £2S E~2Su,
y%°<B, T’ NxwaS> qt o hl () =), (1)) z28S E w(!) ~
aSu, q<()x

N

2)$ 5! x()

1N
§O)$NL5mU)Dﬂ!W

49



q o [*+"{ <=bey () =1 ), oxn(t))) z2S EQ«AcqaSi,zi
, B »X

N
x(! )$%i!:1xi(!)
1N
S)$S(1)$ ! (4 ) D )(x(! ) De(t))
qs”{
yalUAv gT'zaS EO«Ag (! ) tmMo
ExN[E]=m

%[x] = Eql(e Dm)(e Dm}] = <E[(x Pm)(x Bm] = < $
URqb™{

N
yasi, §G)$%le0)9m0»2HnMox

N
!_232(!)~*r\21!1
““ *2 T = N — [
qs“z *§, Ulw E«  Eg[;58]=ND1"z
NI1
Exls]= — @

N
gs”"{Hloz (') pxsXoz msz(!)UWW/E * "ts7{

¢ £EQ0«Act "ol

A> nxn0fe»z x,y> ndim»0O«Ac¢cq oz #{x"Ay} >BQtb [wwiix nps
Xq<«IMtdoee ]J{fczfelx
d{ x"Ay} = dx"Ay + x"Ady = dx"Ay + dy' Ax
[M8&"swp  x'Ady= (X"Ady) = dy'A'x = dy"AX]

o> 2 AN If _ _ { — "f If ~ .
gs“ib{° tuga f(w) tO o mdw—df—(df)—dwm pb [_!w xae O «A
I f Lf! ~ .
CZ Tw —CTwM > O«AcpKigty ™ ] wp

! !
d{ x"Ay} = Wv{ XAy} dw = dw! m{ X" Ay}

| |
UR“QgjzCQo dx:I'—v)\(Idw, dy:I'—v)\(Idebwp

50



|
dw m{x"Ay} = c—dWmAy + c—y dWmAx aw c— mAy + dw c—y MAX
ly !
{xt Ay} = c— mAy +Crw MAX

\\p x=yqgb”q

! lw ! ,
m{w'Aw} = ZCWmAw= 2" Aw = 2Aw
Ntz A=l gbTq #ME=w'w > Mo

—#vv# =i !wt{vv"w} = ﬁ{w“lw} =2lw=2w

Wt
! Iy dW1; 3 j!!%ldejg/ !
' X P X .4 . ' X .
js"tz de:Cﬁrﬁ : éz# : (é:' de URq oMizb{
' S dwy ! J,'\’,f,”dwJ S

51



	１）Likelihood
	１-１）Log likelihood method と最小２乗法
	１-２）基本的な法則の紹介
	１-３）最尤推定量の漸近的性質
	１-３-１）最尤推定量は強一致推定量である
	１-３-２）最尤推定量は漸近有効正規推定量である

	１-４）Autocorrelogram の Curve fitting の実際 (未記述)

	２）AIC
	２-１）
	２-２）推定値 
	２-３）バイアス 
	２-４）

	３）BIC Bayesian information criterion
	３-１）
	３-２）N が十分大きい時

	４）MDL
	５）少数観察標本数の問題点
	５-１）Hessian matrix の大きさ
	５-２）N = 1 の AIC

	６）有限修正 finite corrected AIC (c-AIC)
	６-１）正規分布モデル
	６-２）Normal populations with different means
	６-３）Linear regression model
	６-３-１）パラメータの最尤推定量の統計的性質
	６-３-２）バイアスの算出
	６-３-３）Linear regression model with a constant


	Reference
	Appendix
	（１）２次形式と trace
	（２）Cramér-Rao の定理
	（３）χ二乗分布
	（４）中心極限定理
	（５）標本平均・標本分散
	（６）ベクトルによる微分


