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Likelihood/AIC/BIC  �ì�S�q	Ø�C�”�,	j

�y�\�w	–�æ�p�x�7�&�Í�å�Ý�”�»
*���M�O�q� �̀o  Likelihood �›
²���q� �̀o	º�p�`�z�Í�t�w�-�Þ�Ã

�ç�w
¬�R�w�M�O�æ�q� �̀o�z Akaike Information Criterion AIC �q  Bayesian Information Criterion BIC 

�w�‹	Z�›
†�Ì�`�‡�`�•�O�{�)�Q�’�•�h��o�Ã�”�»�¢�&�güÍ�£�t�0� �̀o�z

�~ AIC �x
��w�¬�püÍ�•�w�®�Ù�^�¯�›�,	j�t�Þ�Ã�ç���w�‘�q�›Q���`�z�‘�M�'���›�b�”�Þ�Ã

�ç�›
¬�R�b�”�}

�w�t�0� �̀o�z

�~ BIC �p�x�)�Q�’�•�h�Þ�Ã�ç��  {M! } �w�¤�T�’�z��o�Ã�”�»�›�˜�h�™�t�7�G�Ä�™�¬�p�›�˜�”

�Þ�Ã�ç�›
¬�R�b�”�}

�q�M�O�\�q�t�s�“�‡�b�{

��£ Likelihood

�y �\�\�p�x�z�Ž�<�w�‘�O�s
ƒ���›�ß�Q�‡�b�•

�~�¬�p�!
:�w�Õ�«�Ä�ç  x(! ) ! X "  Rn [�¡�)�w	Ô�ù  ! (! ) �q	{�T�•�”	Ô�ù�‹�K�“�‡�b�{ ]

�~
��w�¬�püÍ  #(x)

�~�Í�å�Ý�”�»  !  ! !  "  Rd �›P�O�w�-�Þ�Ã�ç�w�¬�püÍ  t (x�� ! )

�~�°�s����Ã�”�»  x(! ) = x �U�˜�’�•�h�q�V�w  !  �w�ì�S��
:  likelihood function 

L(! ) $ t (x�� ! )
�~�‰�a�X�0
:�ì�S��
:

log L(! ) = log t (x�� ! )
�‹�j�–�œ�0
:�ì�S�›	��•�”�q�M�O�\�q�x  x ! X, !  ! !  �t�S�M�o  t (x�� ! ) > 0 �p�K�”�\�q�U
²��

�p�b�{

�~� �q�s  N �s����Ã�”�» XN(" ) = XN = {x1, É, xN} ! XN �U�˜�’�•�h�q�V�w  !  �w�ì�S��
:

LN(! ) $ t (XN�� ! ) = 
N

!
i= 1

t (xi�� ! )

�~�‰�a�X�0
:�ì�S��
:

log LN(! ) = log t (XN�� ! ) = 
N

!
i= 1

log t (xi�� ! )

� -��£ Log likelihood method �q�7	–��	Ð�O

�y�\�\�p�x  Likelihood method �w�–�;�«�q� �̀o�z autocorrelogram �w��
:�Ù�Å�›�ß�Q�o�ˆ�‡�`�•

�O�{ 13) Correlation of Neural Activity 
��&�Æ�ˆ�w
ì��  �p	Z�o�V�h�Ç�á�”�é�ïC�P�w  

autocorrelogram �w
ƒ���p�x�z interspike interval �wüÍ�›�S
:üÍ  histogram �p¯�Ô�`�h�˜�Z�p�b

�U�z�\�\�p�‹�±�ï�Ó�æ�ï�¬�w�Ì��ï�›  b �q� �̀o

j-th bin = (#jÐ1/2b, #j+1/2b] [#j = bj;   j = Ðn, ..., Ð1, 0, 1, 2, ..., n]
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�q� �̀o  histogram �›�^�”�q�`�‡�`�•�O�{ autocorrelogram ACG(j) �p�x�(�È�0	¶�t�s�“�z 0�:�x  delta

��
:�:�p�b�w�p�\�\�p�x�Á�¹�b�”�\�q�q� �̀o�z�î�M�t�x  j = 1, ..., n �›�ß�Q�•�y�A�Ï�p�b�{�\�w�S


:üÍ�w�Þ�Ã�ç�w��
:�›

f(#�� ! )

�q�`�‡�`�•�O�{ !  !  Rd �x�Þ�Ã�ç�w  d �x�w  independent parameters �T�’�s�”�Õ�«�Ä�ç�p�z�Þ�Ã�ç��


:�›�›�ÃÇ�Z�‡�b�{�f�O�`�‡�b�q�z j-th bin �p�w�Þ�Ã�ç�q�î�M�w�Ã�”�»�w�¡�)�x

ACG(j) Ð f(#j�� ! )

�q�s�“�‡�b�{�^�’�t

x $ 

!

"
"
#

...
ACG( j)

...

$

%
%
&  !  Rn f(! ) $ 

!

"
"
#

...
f (! j |""" )

...

$

%
%
&  !  Rn

�q� �̀o�z�¡�)

! (" ) $ x(" ) Ð f(! ) = 

!

"
"
#

...
ACG( j) ! f (! j |""" )

...

$

%
%
&

�U
Y�FüÍ

! (" ) % Normal(0, $ )

�t	H�O�q�>���`�‡�`�•�O�{�b�s�˜�j�z�¡�)�wüÍ�µ�S�x

t ("| ! ) $ 
1

!
(2! )n|det" |

exp&Ð 
1
2

" t$ –1"0 = 
1

!
(2! )n|det" |

exp&Ð 
1
2

(x Ð f(! ))t$ –1(x Ð f(! ))0

�p�K�”�q�>���`�‡�b�{�¡�)�w�¤�ò�x� �q�q�>���p�V�‡�b�w�p�z $   �x
Y���‹�0�¯�æ�»�t�s�“�‡�`

�o�z

$  = diag[&1
2, ... &n

2] ;  &j > 0

�q� �̀o�S�V�‡�b�{�\�\�p�Ã�”�»  x(" ) = x �U�˜�’�•�h�q�V�w  !  �w�ì�S��
:  likelihood function �x

L(! ) $ t (x Ð f(! )| ! )

�q���[�^�•�‡�b�w�p�z�0
:�ì�S  log likelihood �x

log L(! ) = Ð 
1
2

(x Ð f(! ))t$ –1(x Ð f(! )) Ð 
n
2

log(2%) Ð 
1
2

log ��det $ ��

= Ð 
n

!
j= 1

1
2! 2

j
��ACG(j) Ð f(#j�� ! )��2 Ð 

n
2

log(2%) Ð 
n

!
j= 1

log &n

�q	{�Z�‡�b�{�\�\�p�ì�S�M���Ü�x
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!
! """

log L(! ) = Ðc
! fff
! """

m
t

$ –1(x Ð f(! )) = 0 [!  
!

! wwwt { xt'Ax} = 2c
! xxx
! www

m
t

'Ax]

�q�s�“�‡� �̀o�z�‹�`

f(! ) = x

�›�¬�h�b  !  �U�K�•�y�z�f�•�x�7�ì
*���‹  maximum likelihood estimate ö!!! ML(x) �p�b�{�`�T�`�z�Þ�Ã

�ç�t�‹�‘�“�‡�b�U�z	—
:�Í�å�Ý�”�»�w�Þ�Ã�ç  (d < n) �p�x  f(! ) = x �›
R�q�^�d�”  !  �x���O�`�s�M

�\�q�U���M�w�p�z

ö!!! ML(x) = arg max
!!! ! " #

log L(! ) 

= arg max
!!! ! " #

{Ð 
1
2

(x Ð f(! ))t$ –1(x Ð f(! )) Ð 
n
2

log(2%) Ð 
1
2

log ��det $ ��}

= arg max
!!! ! " #

{Ð(x Ð f(! ))t'diag[
1

! 2
1

, ..., 1
! 2

n
]'(x Ð f(! ))}

= arg min
!!! ! " #

{
n

!
j= 1

1
! 2

j
��ACG(j) Ð f(#j| ! )��2}

�›�{�Š�”�\�q�t�s�“�‡�b�{   �\�\�p�z�^�’�t  $  = &2I�z�b�s�˜�j  ! (" ) = x(" ) Ð f(! ) �w�¤�ò�wü�„�U

�‰�°�p�K�”�s�’�y�z

ö!!! ML(x) = arg max
!!! ! " #

{Ð(x Ð f(! ))t'(&2I)–1'(x Ð f(! ))}

= arg min
!!! ! " #

��x Ð f(! )��2 = arg min
!!! ! " #

{
n

!
j= 1

��ACG(j) Ð f(#j| ! )��2}

�q�s�“�‡� �̀o�z ö!!! ML(x) �x��	Ð�¡�)  ��x Ð f(! )��2 �›�7	–�t�b�”�Í�å�Ý�”�»�q�M�O�\�q�t�s�“�‡�b  [��

�j�z�7	–�Ë	Ð�O�p�b ]�{�\�\�p�˜�T�”�‘�O�t�®�Þ�Ã�ç�w
*���‹�q�î���‹�q�w�¡�)�¯�x
Y�FüÍ�t

�s�”�q�>���p�V�‡�b�w�p�z�¡�)�wüÍ�µ�S�w�0
:�w	��Aæü�U�Ë	Ð�¡�)  [
Y�¬�t�x�z�¡�)�w�¤

�ò�wü�„�U�É�°�p�x�s�M�q�V�x (x Ð f(! ))t$ –1(x Ð f(! )) �p�b�U ] �t�s�“�z�Ë	Ð�¡�)�›�7	–�=�b�”  !  

�›�{�Š�”�\�q�x�z�b�s�˜�j �7	–�Ë	Ð�O�›�;�M�”�\�q�x�z�7�ì
*���t�s�” �\�q�U�˜�T�“�‡�`�h�{

� -���£ �,�Š�$�s�O���w	º�p

�y�\�\�p�x�z�7�ì
*���”�w
Q�í�t���˜�”�,
Å�$�s�Ä���›	º�p�b�”�\�q�›�Š�_�`�‡�b�{�f�w�h�Š

�t�‡�c�x�z�M�X�m�T�;� �›���[�`�‡�b�{

�y�¬�p�!
:�Õ�«�Ä�ç  x(! ) ! X "  Rn �q�¬�p�!
:�Õ�«�Ä�ç�»  {xN(! )} �›�ß�Q�‡�b�{ { xN(! )} �w	)���q�`

�o�x�•

N (  "  �p  xN(! ) �U x(! ) �t üÍ	)�� �b�”  converge in distribution/law
def!  ) x ! X   lim

N! !
Pr{1# ) i # n  [xN(! )]i # [x]i} = Pr{1# ) i # n  [x(! )]i # [x]i}

N (  "  �p  xN(! ) �U x(! ) �t �¬�p	)�� �b�”  converge in probability
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def!  ) & > 0  lim

N! !
Pr{|xN(! ) Ð x(! )| $ &} =  0

def!  p- lim
N! !

xN(! ) = x(! )
def!  xN(! ) 

p
!  x(! )

def!  xN(! ) (  x(! ) in Pr       

N (  "  �p  xN(! ) �U x(! ) �t �“	)�� �b�”  almost sure convergence

 
def!  Pr{ lim

N! !
|xN(! ) Ð x(! )| = 0} =  Pr{ lim

N! !
xN(! ) = x(! )} =  1

def!  a.s.lim
N! !

xN(! ) = x(! )
def!  xN(! ) 

a.s.!  x(! )

�s�U���[�p�V�z�§�^�w	q�x�®�“	)��  *  �¬�p	)��  *  üÍ	)���¯�q�s�“�‡�b�{	Í�G�w���[�x  x(" ) 

�U�¬�p�Õ�«�Ä�ç�p�s�X�è	×�w�Õ�«�Ä�ç  x �p�K�”�q�V�‹���ˆ�‡�b�{

�y�Ž�<�w�O���~���g�p�x�z�¬�püÍ�µ�S  #(x) �›�‹�m�¬�p�!
:  x(! ) ! X "  Rn �w� �q�‰�°üÍ  

(independent and identically distributed, iid) �w�Ã�”�»�·�¿�Ä  

XN(! ) $ {x1(! ), É, xN(! )} ! XN

�q�z�f�wª�Š���É

øxN(! ) $ 
1
N

N

!
i= 1

xi(! )

�›�ß�Q�‡�b�{�‡�h�z x(! ) �w���É�‹�S�‘�|ü�„�žü�„�æ�»�›

E[x] $ !
X
x#(x)dx

%[x] $ E[(x Ð E[x])(x Ð E[x]) t]
�q¯�G�`�‡�b�{�f�O�`�‡�b�q�z	Â�Ì�x	²�V�‡�b�U�z�Ž�<�w	~���g�U
R�q�b�”�\�q�U�Œ�’�•�o�M

�‡�b�{

� -�� -��£ �G
:�w	��O�� �• E[x] �q  %[x] �U���O�b�”�Ì�z øxN(! )  
p

!   E[x]      (N (  " )

� -�� -���£ �G
:�w�§�O�� �• E[x]�U���O�b�”�Ì�z øxN(! ) 
a.s.!   E[x]      (N (  " )

� -�� -���£ �¤	ú�Ã�v���g �• E[x] �q  %[x] �U���O�b�”�Ì�z
!

N(øxN(! ) Ð E[x]) �xª	j
Y�FüÍ  

Normal(0, %[x]) �tüÍ	)���b�”�€
!

N(øxN(! ) Ð E[x]) 
d!  Normal(0, %[x])  (N (  " ) �q�‹	{�X

[�\�\�p  øxN(! ) 
d!  Normal(E[x], 1

N %[x]) �q�x�’�æ�s�U�’	{�Z�s�M�\�q�›�g�r� �̀o�X�i�^�M�{�`�T

�`�z�® N �U	Gü�G�V�M�Ì�„�…  
x̄N(! ) ~ Normal(E[x], 1

N %[x]) �U
R�“�q�m�¯�X�’�M�x�t�Q�‡�b�{�‡

�h�z x �U
Y�FüÍ�w�q�V�x  N �w�G�V�^�t���˜�’�c�z  x̄N(! ) ~ Normal(E[x], 1
N %[x]) �U
R�q�`�‡�b�{ ]

� -���£�7�ì
*���”�w
´�Ù�$
Q�í

�y�\�\�p�x�z�7�ì
*���”�t���˜�”�y�/�$�A�L�t�m�M�o�r
†�`�‡�b�{���z�K�”�w�-�$�<	B�‚�›�ß

�Q�”�w�p�b�U�z�<	B�‚�w�w�-
Q�›�›�ÃÇ�Z�”
��w�Í�å�Ý�”�»  ! * ! !  "  Rd �x�°�Œ�p�K�”�q� �̀o�z
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�f�•�›�7�ì
*���”�p
*���b�”�q�M�O
ƒ���p�b�{�Í�å�Ý�”�»  !  �›
²���q�b�”�w�-�Þ�Ã�ç�›  t (x�� ! ) 

�q�`�‡�b�q
��wüÍ  #(x) �x

#(x)dx = t (x�� ! *)dx = Pr{x(! ) !  dx�� ! *} $ Pr! *{ x(! ) !  dx}
[!  �‹�¬�p�!
:�i�q�b�”�Õ� �¶�w�q	Ô�T�’�x  #(x)dx = Pr{x(! ) !  dx�� " (! ) = ! *} �q	{�Z�‡�b ]

�q	{�Z�o�M�”�˜�Z�p�b�w�p�z�¬�p	)���~�“	)���t�m�M�o�x�\�w�¬�p�µ�S�p���[�^�•�o�M�”�\�q

�t�s�“�‡�b�{�^�o�z�Ã�”�»�·�¿�Ä  XN(" ) �T�’
*���^�•�”  ! * �w
*���”  estimator öqqq(XN(" )) �t�0� �̀o

�°�•
*���”  consistent estimator�z
´�Ù
Y�F
*���”  asymptotically normal estimator�z
´�Ù���®
*���”  

asymptotically efÞcient estimator �x�Ž�<�w�7�t���[�^�•�‡�b�•

q̂qq(XN(" )) �U ! * �w�°�•
*���” �p�K�”  
def�  N (  "  �p  ö!!! (XN(" )) 

p
!  ! *

ö!!! (XN(" )) �U ! * �w�§�°�•
*���” �p�K�”  
def�  N (  "  �p  ö!!! (XN(" )) 

a.s.!  ! *

ö!!! (XN(" )) �U ! * �w
´�Ù
Y�F
*���” �p�K�”  
def!  N (  "  �p  

p
N(q̂qq(XN(" )) Ð ! *) 

d! Normal(0, lim
N! !

%[!̂!! (XN)])

ö!!! (XN(" )) �U ! * �w
´�Ù���®
Y�F
*���” �p�K�”  
def!  N (  "  �p  

!
N( ö!!! (XN(" )) Ð ! *) 

d!  Normal(0, I[! *] –1)

[�b�s�˜�j  lim
N! !

%[ ö!!! (XN)] = I[ ! *] –1 �›�™�¯� �̀o�M�” ]

�\�\�p�z I[ ! ] �x�Ñ�Ÿ�¿�³�ß�”	Ø�C�æ�»  Fisher information matrix �q�z�y�•�z�ì�S��
:  L(! ) $ t (x| ! ) 

�t�0� �̀o

I[ ! ] $ Ex=
! logL

! """ t |(x, ! )
'
! logL

! """ |(x, ! )
G

�q� �̀o���[�^�•�‡�b�{

�y	Í�G�w���[�›�;�M�•�y�z

�G
:�w	��O���x�® x̄N(! ) �x  E[x] �w�°�•
*���”�p�K�”�¯

�G
:�w�§�O���x�® øxN(! ) �x  E[x] �w�§�°�•
*���”�p�K�”�¯

�¤	ú�Ã�v���g�x�® øxN(! ) �x  E[x] �w
´�Ù
Y�F
*���”�p�K�”�¯

�q�t�M�õ�Q�”�\�q�U�p�V�‡�b�{

� -�� -��£�7�ì
*���”�x�§�°�•
*���”�p�K�”

�y�^�o�z�7�ì
*���”�w
Q�í�t�m�M�o	\�‚�o�æ�V�‡�`�•�O�{�‡�c�Ž�<�w�\�q�›�>���`�‡�b  [�´�ž
•


\�z
:�g�w�-�¶�z	À�Z�j�z 1990 �‘�“ ]�{ U"(! ) $ {+�� |+ Ð ! | < &} �x�‰�•�Ù�c�p�b�{

(1) �Í�å�Ý�”�»�í��  !  �x  Rd �w���„��	B�ù�p�K�”�{ �‡�z�Í�å�Ý�”�»�p�Á�v�G�w�‹�x�ß�Q�’�•�‡�d�œ

�w�p�zÓ�è�w�>���p�`�•�O�{

(2) 
��w�Í�å�Ý�”�»  ! * �x  !  �w�º�:�p�K�“�z�{���^�•�o�M�”�{ �\�•�x�z�Í�å�Ý�”�»�p�G	\�^�•�”

�Þ�Ã�ç�w�¤�t
��wüÍ�›�Ë�m�‹�w�U���”�q�M�O�>���q�q�‹�t�z  ! * �w	*�“�p�È��•ü�p�V�”�\�q�›�-	Â�`�‘

�O�q�t�O�\�q�p�b�{�\�w�Ì  t (x�� ! *) = #(x) �U
R�q�`�‡�b�{

(3) !  & ! * �s�’�y  Pr{t (x(! )| ! ) & #(x(! ))} > 0�{ �‹�`�\�O�p�s�M�q�b�”�q
��w�¬�püÍ�›�‹�müÍ

�U�z�¬�p���S  0 �w�)�›�‹�l�oó
:���O�b�”�\�q�t�s�l�o�`�‡�M�‡�b�{�f�•�›�Ð�� �̀o�M�”�>���p�b�{
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(4) )  x ! X (a.s.)  L(! ) = t (x| ! ) �x  !  �t��� �̀o  continuous function �p�K�”�{

(5) !
X
��log t (x| ! *) ��t (x| ! *)dx = Ex[��log t (x| ! *) ��]< " �{ �\�\�p�x  (2) �T�’  t (x| ! *) �x
��wüÍ�t�s�”�w

�p�z !
X
f(x)t (x| ! *)dx = !

X
f(x)#(x)dx = Ex[f(x)] �q�s�“�‡�b�{

(6) )  !    , ' (! ) > 0   !
X
log+{

max

!!! 2 U" (###)(###)
t (x| +)} #(x)dx = Ex[log+{

max

!!! ! U" (###) (###)
t (x| +)}] < "

�y�\�•�’�w�>���w�‹�q�t

�®�7�ì
*���”  ö!!! ML(XN(! )) �x  ! * �w�§�°�•
*���”�p�K�”�¯

�\�q�U�t�Q�‡�b�{�b�s�˜�j�z

ö!!! ML(XN(! )) 
a.s.!  ! * �y (N (  " )

�p�b  [Wald, 1949]�{

	Â�Ì�• Pr{! : lim
N! !

ö!!! ML(XN(! )) = ! * | ! *} =  1 �U ö!!! ML(XN(! )) 
a.s.!  ! * �q�M�O�\�q�p�b�U�z�f�•�Ž�Ž�w�¬�p

Pr{! : ö!!! ML(XN(! )) !  ! * | ! *} = Pr{ ! :�Á�v�x�w  N �p  ö!!! ML(XN(" )) z U"(! *) | ! *}

�U 0 �p�K�”�\�q�U�t�Q�•�y�z�f�•�U	Â�Ì�w�°�”�ç�p�b�{

�y ö!!! ML(XN(! )) z U"(! *) �p�b�q�z ö!!! ML(XN(! )) �w�7�ì
Q�T�’

t (XN(! )| ! *) # t (XN(! )| !̂!! ML(XN(! ))) = max
!!! ! " " U#($#)

t (XN(! )| +)

�U
R�q�`�‡�b�{�`�h�U�l�o�z�¬�p�t�m�M�o

Pr{ ! :�Á�v�x�w  N �p  ö!!! ML(XN(! )) z U"(! *) | ! * }

# Pr{ ! :�Á�v�x�w  N �p  max
!!! ! " " U#($#)

t (XN(! )| +) $ t (XN(! )| ! *) | ! * }

�U
R�q�`�‡�b�{

�y�°�M�p�z !  & ! * �w�q�V�t�x

E[log t (x| ! )] < E[log t (x| ! *)] = E[log #(x)] [ !  D[#(x)||t (x| ! )] $ 0]

�p�b�w�p�z lim
! ! 0

E[log{ max
JJJ ! Ud (qqq )

t (x| +)} ] = E[log t (x| ! )] �›�ß�€�b�•�y	Gü	–�^�M  ' (! ) �U���O� �̀o�z

E[log{ max
!!! ! U" (###) (###)

t (x| +)} ] < E[log t (x| ! *)]

- E[log
max!!! 2 U" (###)(###)

$(x|!!! )

$(x|###⇤)
] < 0

�q�p�V�‡�b�{�G
:�w�§�O���T�’
1
N

log
max!!! ! U" (###) (###)

$(XN|!!! )

$(XN|###" )
  

a.s.! E[log
max!!! ! U" (###) (###)

$(x|!!! )

$(x|###" )
]

�q�p�V�‡�b�w�p�z	Gü�G�V�s  N �t�m�M�o
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1
N

log
max!!! ! U" (###) (###)

$(XN|!!! )

$(XN|###" )
 < 0

�U
R�q�`�‡�b�{�\�\�p�z !  Ð U"(! *) �x	Ú�E  (1) �T�’���„���w�¯�ï�Í�«�Ä	B�ù�p�`�h�T�’�z�:  

{ ! j} j=1, ..., m �›�¤	ú�q�b�”���v�x�w�‰�•  {U#(! j)(! j)} j=1, ..., m �pô�O�\�q�U	Z�R�‡�b�{�b�s�˜�j�z

!  Ð U"(! *) "  
! m

j= 1U#(! j)(! j) �p�b�{�`�h�U�l�o�z

1
N

log
max!!! ! " " U#($#) %(XN|!!! )

%(XN|$$$#)
 # maxj&

1
N

log
max!!! ! U" (###) (###)

$(XN|!!! )

$(XN|###" )
0

�U
R�q�`�z�\�w�È�%�w�¤  j �x  
1
N

log
max!!! ! U" (###) (###)

$(XN|!!! )

$(XN|###" )
  

a.s.!  E[log
max!!! ! U" (###) (###)

$(x|!!! )

$(x|###" )
] < 0 �p�`�h

�w�p�z	Gü�G�V�s  N �t�0� �̀o

log
max!!! ! " " U#($#) %(XN|!!! )

%(XN|$$$#)
 < 0 

- max
!!! ! " " U#($#)

t (XN(! )| +) < t (XN(! )| ! *)

�U�t�Q�‡�b�{�p�A�Á

Pr{ ! : �Á�v�x�w  N �p  max
!!! ! " " U#($#)

t (XN(! )| +) $ t (XN(! )| ! *) | ! * }  = 0

�U�Ì�’�T�q�s�“�‡�`�h�w�p�z�•�Š�t�‹�r�l�o�ˆ�‡�b�q

Pr{! : lim
N! !

ö!!! ML(XN(! )) = ! * | ! *} = 1 

�U
R�q�`�‡� �̀o�z  ö!!! ML(XN(! )) �x  ! * �w�§�°�•
*���”�q�s�”�\�q�U�˜�T�“�‡�`�h�{ �� !

� -�� -���£�7�ì
*���”�x
´�Ù���®
Y�F
*���”�p�K�”

�y�Í�t�z	Í�G�w	Ú�E�t�C�Q�o

(1Õ)  Ôsupport of t (x| ! )Õ $ {x| t (x| ! ) > 0} �U�z !  �t�‘���`�s�M�p�>�‡�”�{

(7) �º�:  !  ! !  �t�0� �̀o�z Fisher 	Ø�C�æ�» I[! ] $ Ex=
! logL

! """ t |(x, ! )
'
! logL

! """ |(x, ! )
G �U���O�b�”�{

(8) L(! ) $ t (x| ! ) �U !  �t��� �̀o���s�È��•ü�D�ó  (C3 class) �p�K�“�z�<�G�›�¬�h�b�{

Ex=
! logL

! """ t |(x, ! *)
G = 0

Ex=
! 2

logL
! """ t! """ |(x,! *)

G = ÐI[! *]

(9) �º�:  !  ! !  �t�0� �̀o�z , �Ù�c  U(! )  , u(x�� ! ) $ 0  Ex[u(x�� ! )] < "



8

) ! . !  U(! )    ��
! 3 logL

! """ t! """ ! """ |(x, ! !)�� # u(x; ! )

[	Ú�E (8) �x  !  �t�‘�”•ü
!

! """ t  �q  x �t�‘�”
uü  !
X
... dx �w�¦�õ�D�ó
Q�›�>���b�•�y  (2)�® 
��w�Í�å�Ý

�”�»  ! * �x  !  �w�º�: �̄ �w�>���T�’�t�Q�‡�b�{�b�s�̃ �j�z  #(x) = t (x| ! *) = L(! *) �U
R�q�̀ �o�‡�b�w�p

Ex=
! logL

! """ t |(x, ! *)
G = !

X

! logL
! """ t |(x, ! *)

#(x)dx = !
X

1
! (xxx|""" ! )

! "
!###t |(x, ! *)

#(x)dx = 
!

! """ t !X
t (x| ! *)dx = 

!
! """ t1 = 0

�q�M�O�̃ �Z�p�b�{�\�w	Ú�E�x  Ex[log t (x�� ! )] �U�Í�å�Ý�”�»�í���w�º�:  ! * �p�Ã�‹�›�q�”�\�q�›�‹�™

�¯�`�‡�b�{�b�s�˜�j�z

! Ex[log" (x|###)]
!###t |

! *
 = 

!
! """ t!X

#(x)log t (x �� ! *)dx = Ex=
! log"

!###t |(x, ! *)
G = Ex=

! logL
! """ t |(x, ! *)

G = 0

�p�K�”�T�’�p�b�{

�y�̂ �’�t�z
! 2 logL
! """ t! """

 = 
!

! """ t(
1

L(!!! )
! L
! """

2 =  
1

L(!!! )
'

! 2L
! """ t! """

 Ð 
! logL

! """ t '
! logL

! """
 �U
R�q�`�‡�b�U�z�H��ò�w�8

�4�‹�x

Ex=
1

L(!!! ! )
'

! 2L
! """ t! """ |(x,! *)

G = !
X

1
! (xxx|""" ! )

'
! 2"

!###t!###|(x,! *)
#(x)dx = !

X

! 2"
!###t!###|(x,! *)

dx = 
! 2

! """ t! """
!

X
t (x| ! *)dx 

= 
! 2

! """ t! """
1 = O

�p�K�“�z	Ú�E  (7) �w �º�:  !  ! !  �t�S�M�o  I[! ] $ Ex=
! logL

! """ t |(x, ! )
'
! logL

! """ |(x, ! )
G �U���O�b�”�\�q�T�’�z

Ex=
! 2 logL
! """ t! """ |(x,! *)

G = Ex=
1

L(qqq ⇤)'
! 2L

! """ t! """ |(x,! *)
G Ð Ex=

! logL
! """ t |(x,! *)

'
! logL

! """ |(x,! *)
G = ÐI[! *]

�U
R�q�`�‡�b�{ ]

�y�\�•�’�w	Ú�E�›�¬�h�b�Ì�t�z�¤	ú�Ã�v���g�w�{�q�m�q� �̀o

�® ö!!! ML(XN(! )) �x  ! * �w
´�Ù���®
Y�F
*���”�t�s�”�¯

�\�q�U�t�Q�‡�b�{�b�s�˜�j�z
!

N( ö!!! ML(XN(! )) Ð ! *)  
d!  Normal(0, I[! *] –1) �y (N (  " )

�U
R�q�`�‡�b  [Cr‡mer]�{
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	Â�Ì�• ö!!! ML(XN(! )) �x ! * �w�§�°�•
*���”�p�`�h�w�p�z	Ú�E  (2) 
��w�Í�å�Ý�”�»  ! * �x  !  �w�º�:�p

���”�q�b�•�y�z	Gü�G�V�s  N �t�0� �̀o�z ö!!! ML(XN) �‹�º�:�t�s�“�‡�b�{�f�O�b�”�q�z ö!!! ML(XN) �x�ì

�S�M���Ü

! logLN

! """ t |(XN, ö!!! ML(XN))
 = 0 [ log LN(! ))��XN

 = 
N

!
i= 1

log L(! )��xi
 = 

N

!
i= 1

log t (xi| ! )]

�›�¬�h�`�‡�b�{
! logLN

! """ t  �›��Í�‡�p  ! * �p�w  Tailor �2�‰�p�Ù�Å�b�•�y

0 = 
! logLN

! """ t |(XN, ö!!! ML(XN))
 '  

! logLN

! """ t |(XN, ! *)
 + 

! 2 logLN

! """ t! """ |(XN, ! *)
( ö!!! ML(XN) Ð ! *)

-  
! logLN

! """ t |(XN, ! *)
 '  Ð 

! 2 logLN

! """ t! """ |(XN, ! *)
(!̂!! ML(XN) Ð ! *)

�q�p�V�‡�b�{

�y�\�\�p�z�G
:�w�§�O���T�’

1
N

∂ 2

logLN

∂qqq t∂qqq |(XN, ! *)
 = 

1
N

N

!
i= 1

! 2 logL
! """ t! """ |(xi, ! *)

 
a.s.!   Ex=

! 2 logL
! """ t! """ |(x, ! *)

G = ÐI[! *] [	Ú�E (8)]

�U
R�q�`�z	Gü�G�V�s  N �t�0� �̀o  
1
N

! 2 logLN

! """ t! """ |(XN, ! )
 '   ÐI[! *] �p�b�T�’�z

! logLN

! """ t |(XN, ! *)
 '  Ð 

! 2 logLN

! """ t! """ |(XN, ! *)
( ö!!! ML(XN) Ð ! *) '  NI[ ! *]( ö!!! ML(XN) Ð ! *)

�q�_
u�‹�•�‡�b�{

�y�Í�t�z
! logLN

! """ t |(XN, ! *)
 �t�m�M�o�x�z�¤	ú�Ã�v���g�®

!
N(øxN(! ) Ð E[x]) 

d!  Normal(0, %[x])�¯�T�’

1p
N

! logLN

! """ t |(XN, ! *)
 = 

1
!

N

N

!
i= 1

! logL
! """ t |(xi, ! *)

 

= 
p

N&
1
N

N

!
i= 1

! logL
! """ t

|(xi, ! *)
 Ð Ex=

! logL
! """ t |(x, ! *)

G0 [�>��  (8) �T�’  Ex=
! logL

! """ t |(x, ! *)
G = 0 ]

d!  Normal(0, %=
! logL

! """ t |(x, ! *)
G)

�U
R�q� �̀o�M�‡�b�U�zü�„�t�m�M�o�x

%=
! logL

! """ t |(x, ! *)
G $ E=c

∂ logL
∂qqq t |(x, ! *)

 Ð Ex=
! logL

! """ t |(x, ! *)
Gm'c

! logL
! """ t |(x, ! *)

 Ð Ex=
! logL

! """ t |(x, ! *)
Gm

t

G

= E=
! logL

! """ t |(x, ! *)
'
! logL

! """ |(x, ! *)
G = I[! *]
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�s�w�p�z

1
!

N

! logLN

! """ t |(XN, ! *)
 

d!  Normal(0, I[! *])

�q�M�O�\�q�t�s�“�‡�b�{�^�’�t
∂ logLN

∂qqq t |(XN, ! *)
 '  NI[ ! *]( ö!!! ML(XN) Ð ! *) �p�`�h�w�p�z N (  "  �w�q�V

!
NI[ ! *]( ö!!! ML(XN(! )) Ð ! *) 

d!  Normal(0, I[! *])

-  
!

N( ö!!! ML(XN(! )) Ð ! *) 
d!  Normal(0, I[! *] –1)

[	Gü�G�V�s  N �t�0� �̀o ö!!! ML(XN(! )) ~ Normal(! *, (NI[ ! *]) –1) �U�„�…
R�q�`�‡�b�{ ] 

�U
R�“�q�j�z !̂!! ML(XN(! )) �U ! * �w
´�Ù���®
Y�F
*���”�p�K�”�\�q�U�˜�T�“�‡�`�h�{ (�\�\�p�w	Â

�Ì�x	)��	Ú�E�s�t�m�M�o�^�…�l�o�S�“�z
:�¶�$�t�xÆ
Y�¬�p�b�{
:�¶�$�t
Y�`�M	)��	Ú�E�q�`

�o�x	Ú�E  (9) �Už�A�t�s�“�‡�b�{ )�� !

� -���£ Autocorrelogram �w Curve Þtting �w�î�M  (�°�G	\ )

���£ AIC

�y���z�¬�p�!
:�Õ�«�Ä�ç  x(! ) !  X "  Rn �›�ß�Q�z�s�–�O�q� �̀o�M�”
��w�¬�püÍ�µ�S�›  #(x) �q�`

�‡�`�•�O�{�f�\�p  parameters !  !  ! !  "  Rd!  �p�›���^�•�”�Þ�Ã�ç��  M!  = {t ! (x�� ! ); !  !  ! ! } �T�’�‹�T

�•�”�¬�püÍ�µ�S  t ! (x�� ! ) �›�ß�Q�‡�b�{�\�w�Ì�z�\�w�Ë�m�wüÍ�U�r�•�X�’�M�Ù�M�T�q�M�O�¦ª

�q� �̀o�z Kullback-Leibler (KL) 	Ø�C�”  (�¼� �Ì�”� �́£�ï�µ�q�‹�M�M�‡�b )

D[#(x)|| t ! (x�� ! )] $ Ex[log
! (x)

" # (x|$$$)
] = !

X
#(x)log ! (x)

" # (x|$$$)
dx  $ 0

�›�;�M�‡�b�{�\�w�”�x  t ! (x�� ! ) �q  #(x) �w���w �P�‘�m �t�s�“�‡� �̀o�z	–�^�M�„�r  t ! (x�� ! ) �x  #(x) �t

�Ù�M�‘�M�Þ�Ã�ç�p�K�“�z�‹�`  #(x) �q�°�•�b�•�y  KL 	Ø�C�”�x  0 �t�s�“�‡�b�{

�y�^�o�z N �x�w� �q�s�Ã�”�»  XN(! ) = XN = {x1, É, xN} ! XN �w�&�g�Ã�”�»�U�)�Q�’�•�h�Ì�z�Þ�Ã�ç  

t ! (x| ! ) �t�S�Z�”  !  �w�ì�S (��
: ) likelihood (function)�x�z�¤�Ã�”�»�w� �q
Q�T�’

LN(! ) $ t ! (XN| ! ) $ 
N

!
i= 1

t ! (xi| ! )

�q���[�^�•�z�0
:�›	��•�y�0
:�ì�S�t�m�M�o�z

log LN(! ) = log t ! (XN| ! ) = 
N

!
i= 1

log t ! (xi| ! )

�U
R�q�`�‡�b�{�\�\�p�z�Þ�Ã�ç  t ! (x| ! ) �t�m�M�o�Í�å�Ý�”�»�›
*���b�”�˜�Z�p�b�U�z�‡�c
*����


:  estimator function
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ö!!! : XN (  ! !   

�q� �̀o��£�p	º�p�`�‡�`�h�7�ì
*���”  öqqq ML(XN(! )) �›�;�M�‡�b�{�b�s�˜�j

ö!!! ML(XN) $ argmax

!!!
log LN(! ) = argmax

!!!
log t ! (XN�� ! ) = argmax

!!!

N

!
i= 1

log t ! (xi| ! )

�p�b�{�\�\�p�z�°�t�&�g�Ã�”�»  XN �›�)�Q�’�•�‡�`�h�w�p�z ö!!! ML(XN) �‹�)�Q�’�•�h�‹�w�q�`�z�\�•

�T�’�Í�w��o�w�¬�p�!
:�›  x.(" .) �q�ß�Q�‡�b�{�b�s�˜�j  x.(! .) �t��� �̀o�8�4�‹�›	��”�q�V

Ex![...] = !
X
#(x.) ... dx.

�t�x�z ö!!! ML(XN) �x�¬���`�h�‹�q� �̀o�ß�Q�‡�b�{�p�b�T�’���“�&�`�t�s�“�‡�b�U�z �&�g�Ã�”�»  XN 

�›�)�Q�’�•�h�\�q�›
²���t�°�R�w  x.(! .) �w�‘�M�'���›�b�”�Þ�Ã�ç�›
¬�R�b�” �q�M�O�w�U�\�\  

AIC �p�w�ß�Q�M�t�s�“�‡�b�{ [�™�t  !̂!! ML(XN) �×�.�‹�¬�p�!
:�p�K�”�q� �̀o���x�t�8�4�‹�›	��l�h

�“�`�‡�b�U�z  ö!!! ML(XN(! )) �q x.(! .) �x� �q�p�K�“�z�Ì��	q	‚�t	H�l�o�ß�Q�o�M�”�q�M�O�\�q�t�y

�™� �̀o�X�i�^�M�{�›�t x.(! .) �U XN(! ) �t���‡�•�o�M�s�M�\�q�U�
�A�p�b�{ ]

�y�b�”�q�z�Þ�Ã�ç�w�‘�^�›�{�Š�”�Ü�x  ö!!! ML(XN) �x�)�Q�’�•�h�‹�w�q� �̀o

D[#(x.)|| t ! (x.�� ö!!! ML(XN))] $ Ex![log
! (x0)

" # (x0| ö$$$ML(XXXN))
] = !

X
#(x.)log

! (xxx!)

" # (xxx!| ö$$$ML(XXXN))
dx.

�q�s�“�‡�b�{�‘�M�'���›�b�”�w�-�Þ�Ã�ç  t ! (x�� ! ) �q� �̀o�z�\�•�U�7	–�t�s�”�Þ�Ã�ç�›
¬�|�h�M�˜

�Z�p�b�U�z

D[#(x.)|| t ! (x.| ö!!! ML(XN))] = !
X
#(x.)log#(x.)dx. Ð !

X
#(x.)logt ! (x.| ö!!! ML(XN))dx.

= ÐH[x] + Ex![Ðlog t ! (x.| ö!!! ML(XN))]       [ H[x] $ Ð!
X
#(x)log#(x)dx �x  entropy ]

�q�s�“�z entropy H[x] �x�Þ�Ã�ç�t�‘�’�c�°���p�b�w�p�z ! .-���É�w�H���ò

Ex![log t ! (x.| !̂!! ML(XN))] = !
X
#(x.)logt ! (x.| ö!!! ML(XN))dx. 

�› ! -���É�$�t�7�G�t�b�”�Þ�Ã�ç�z�b�s�˜�j Ex![log t ! (x.| öqqqML(XN(! )))] �w ! -���É

+!  $ EXN7Ex![log t ! (x.| ö!!! ML(XN))]A = EXN,  x!7log t ! (x.| q̂qqML(XN))A

�›�7�G�t�b�”�Þ�Ã�ç��  M!  = {t ! (x| ! ); !  !  ! ! } �›�{�Š�•�y�z�7�‘�w�'���›�b�”�Þ�Ã�ç���›�{�Š�h

�\�q�t�s�“�‡�b�{

�y AIC �p�x�z�{�Š�h�M�‹  +!  = EXN,x![log t ! (x.| !̂!! ML(XN))] �w
*���”�›�z�®��o�Ã�”�» XN(! ) = {x1(! ), ..., 

xN(! )} �p�˜�’�•�h�&�g�7�G�0
:�ì�S�wª�Š���É�‹�¯

ö! ! (XN(! )) $ 
1
N

N

!
i= 1

log t ! (xi(" )| ö!!! ML(XN(! )) = 
1
N

log t ! (XN(" )| ö!!! ML(XN(! ))
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�q�`�‡�b�{�\�•�x�Þ�Ã�ç  M!  = {t ! (x�� ! ); !  !  ! ! } �t�0� �̀o�z XN(! ) �U�)�Q�’�•�•�y�-�‰	Z�R�”�‹�p

�b�{�`�T�`�’�æ�s�U�’�z�î�x ö! ! (XN(! )) �x  +!  �wÆ� 
*���”�t�s�l�o�M�s�M�q�M�O�ð�J�U�K�“�‡

�b�{�p�b�w�p�z�f�w�Ì� �ž�µ  bias �›

b!  $ b(M! ) $ EXN[ ö! ! (XN)] Ð +!  = EXN7
1
N

log t ! (XN| ö!!! ML(XN))A Ð EXN, x!7log t ! (x.�� ö!!! ML(XN))A

�q� �̀o�{�Š�o�z +!  �wÆ� 
*���”�q� �̀o

ö! ! (XN(! )) Ð b!  = 
1
N

log t ! (XN(! )| ö!!! ML(XN(! ))) Ð b!

�›�;�M�‘�O�q�ß�Q�‡�b�{�^�’�t�z�\�w  XN(" ) = XN �t�S�Z�”
*���‹�t  Ð2N �›	Ð�a�o  Akaike 

Information Criterion

AIC(M! ) $ Ð2N{ ö! ! (XN) Ð b! } = 2log t ! (XN| ö!!! ML(XN)) + 2Nb!

�q�`�‡�b�{�o�t�t�Q�y�z Ð 1
2NAIC(M! ) �x�7�G�=�`�h�M�‹  +!  = EXN, x![log t ! (x.�� ö!!! ML(XN))] �wÆ� 
*���‹

�q�M�O�\�q�t�s�“�‡�b�{�p�b�T�’�z XN(" ) = XN �U�)�Q�’�•�h�Ì�t�z AIC(M! ) �U	–�^�M�„�r  M!  �x  

�°�R�›�'���b�”	Í�p�‘�M�Þ�Ã�ç���p�K�”�q�M�O�\�q�t�s�“�‡�b�{

�y�Ž�<�p�z�Ì� �ž�µ  b(M! ) = b!  �›�{�Š�t�æ�V�‡�`�•�O�{�� -��£�z�� -���£�p�x��o�Ã�”�» XN(! ) = 

XN �U�)�Q�’�•�o�M�”�q�M�O�\�q�t� �̀o�^�æ�›
��Š�‡�b�{

�� -��£ Ex![log t ! (x.| öqqqML(XN))]

�y �^�o�z�Þ�Ã�ç  t ! (x �� ! ) �w�¤�p�z
��wüÍ  #(x) �t�7�‹�Ù�MüÍ�›�)�Q�”  parameter �x   

! * $ arg max
!!!  

Ex[logt ! (x�� ! )]

�›�¬�h�`�‡�b  (�`�h�U�l�o  ! * �x��o�Ã�”�»  XN �t�‘�’�s�M ) �{�\�\�p�xž�c�`�‹�Þ�Ã�ç  t ! (x�� ! ) 

�w�¤�t
��wüÍ  #(x) �t�°�•�b�”�‹�w�U�K�”�q�x�>��� �̀o�M�s�M�\�q�t�y�™� �̀o�X�i�^�M�{�b�”

�q�z Ex[log t ! (x�� ! )] �U�Í�å�Ý�”�»�í���w�º�:  ! * �p�7�G�‹�›�q�” �\�q�›
²���q�b�•�y�z

Ex=
! log" #

!$$$ |(x, ! *)
G = 

!
! """

!
X
#(x)log t ! (x �� ! *)dx = 

! Ex[log" # (x|$$$)]
!$$$ |

! *
 = 0

�q�s�“�‡�b�{�‹�j�–�œ�z�\�O�M�O�\�q�p�b�T�’  t ! (x �� ! ) �U !  �t�m�M�o•ü�D�ó�p�f�w� •ü�x

�È����
:�q�s�”�\�q�›�>��� �̀o�M�‡�b�{

�y�\�\�p�z f(x, ! ) $ Ðlogt ! (x �� ! ) �q� �̀o�z ! * �w	*�“�p���Í�w�ò�‡�p�w�Â� �å�”�2�‰

f(x, ! ) '  f(x, ! *) + 
! f
! """ |(x, ! *)

(!  Ð ! *) + 
1
2

(!  Ð ! *) t ! 2 f
! """ ! """ t|(x, ! *)

(!  Ð ! *)

�›�ß�Q�‡�b�q�z x.(! .) �t�‘���`�s�M  !  �t�0� �̀o

Ex![log t ! (x.| ! )]
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'  Ex!=log t ! (x.| ! *) + 
! log" #

!$$$ |(x!, ! *)
(!  Ð ! *) + 

1
2

(!  Ð ! *) t!
2 log" #

!$$$!$$$t |(x!, ! *)
(!  Ð ! *)G

= Ex![log t ! (x.| ! *)] + Ex!=
! log" #

!$$$ |(x!, ! *)
G(!  Ð ! *) + 

1
2

(!  Ð ! *) tEx!=
! 2 log" #

!$$$!$$$t |(x!, ! *)
G(!  Ð ! *)

= Ex![log t ! (x.| ! *)] + 
1
2

(!  Ð ! *) tEx![H! (x., ! *)]( !  Ð ! *)

[<Ž��Ex=
! log" #

!$$$ |(x, ! *)
G = 0;  Hessian matrix H! (x, ! ) $ 

! 2 log" #

!$$$!$$$t |(x, ! )
]

= Ex![log t ! (x.| ! *)] + 
1
2

trace{Ex![H! (x., ! *)]( !  Ð ! *)( !  Ð ! *) t}     

[<Ž��xtAx = trace{Axxt}; Appendix (1)]

�q�s�“�‡�b  [Hessian �x�0	¶  H! (x, ! )t = H! (x, ! ) �p�K�”�\�q�›�¦� � �̀o�S�V�‡�`�•�O ]�{ x.(! .) �q�G

	\�b�”�g���x�z x.(! .) �U����Ã�”�»  XN(! ) �q� �q�w	•�R�w��o�›� �Ý�”�´�b�”�T�’�p�b�{ XN(! ) 

�q�‰�aª�Š  !  �p�x�s�X� �q� �̀o�M�”�\�q�U�Ù� �ï�Ä�p�b�{�\�\�p�z !  = ö!!! ML(XN) �q�`�‡�b�q

Ex![log t ! (x.|ö!!! ML(XN))] '  Ex![log t ! (x.|! *)] + 
1
2

trace{Ex![H! (x., ! *)]( !̂!! ML(XN) Ð ! *)( ö!!! ML(XN) Ð ! *) t}

�U
R�q�`�‡�b�{

�� -���£
*���‹  ö! ! (XN) = 
1
N

N

!
i= 1

log t ! (xi(" )| ! *) = 
1
N

log t ! (XN| ö!!! ML(XN))

�y �Í�t�z ö!!! ML(XN) �U�7�ì
*���‹�p�K�”�\�q�›�ß�Q�‡�b�q�z�ì�S�M���Ü�T�’�p
µ

!
! """ t {log t ! (XN| ! )} |ö!!! ML(XN)

 = 
! log" #

!$$$t |(XN, ö!!! ML(XN))
 = 0

�p�b�w�p�z�‰�7�t  log t ! (XN| ! ) �›  ö!!! ML(XN) �w	*�“�p�Â� �å�”�2�‰�`�h	Ô�ù�z�� -��£�q�‰�7�t

log t ! (XN| ! ) '  log t ! (XN| ö!!! ML(XN)) + 
1
2

(!  Ð ö!!! ML(XN))t!
2 log" #

!$$$!$$$t |(XN, ö!!! ML(XN))
(!  Ð ö!!! ML(XN))

�q�p�V�‡�b�{�\�\�p�z !  = ! * �q�`�‡�b�q�z

ö! ! (XN) = 
1
N

log t ! (XN| öqqqML(XN))

'  
1
N

log t ! (XN| ! *) Ð 
1
2

(! * Ð ö!!! ML(XN))t&
1
N

! 2 log" #

!$$$!$$$t |(XN, ö!!! ML(XN))
0(! * Ð ö!!! ML(XN))
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�q�s�“�‡�b�{ ö!!! ML(XN) �x
��w�Í�å�Ý�”�»  ! * �t�“	)���`�‡�b  [ ö!!! ML(XN(" )) 
a.s.!  ! * for N (  " ] �w�p�z

! 2 log" #

!$$$!$$$t  �w�È��
Q�›�>���`�‡�b�q  N �U	Gü�G�V�M�Ì

! 2 log" #

!$$$!$$$t |(XN, ö!!! ML(XN))
 '  

! 2 log" #

!$$$!$$$t |(XN, ! *)

�q�p�V�‡� �̀o�z�^�’�t N �U	Gü�G�V�M�Ì �t�x�G
:�w�O���T�’

1
N

! 2 log" #

!$$$!$$$t |(XN, ! *)
 = 

1
N

N

!
i= 1

! 2 log" #

!$$$!$$$t |(xi, ! *)
 = 

1
N

N

!
i= 1

H! (xi, ! *) '  Ex[H! (x, ! *)]

�q�s�“�‡�b�{  �Ž	Í�z
1
N

! 2 log" #

!$$$!$$$t |(XN, ö!!! ML(XN))
 '  Ex![H! (x., ! *)] �q�Ù�Å�p�V�‡�b�w�p  [�\�\�p�‹  x.(! .) �q

�G	\�b�”�g���x�z x.(! .) �U����Ã�”�»  XN(! ) �q� �q�w	•�R�w��o�›� �Ý�”�´�b�”�T�’�p�b

ö! ! (XN) '  
1
N log t ! (XN| ! *) Ð 

1
2

(! * Ð ö!!! ML(XN))tEx![H! (x., ! *)]( ! * Ð ö!!! ML(XN))

= 
1
N

log t ! (XN| ! *) Ð 
1
2

trace{Ex![H! (x., ! *)]( ö!!! ML(XN) Ð ! *)( ö!!! ML(XN) Ð ! *) t} �y

[<Ž��xtAx = trace{Axxt}]

�q�p�V�‡�`�h�{

�� -���£ �Ì� �ž�µ  b!  �w�‰	Z

�y �\�\�‡�p�˜�’�•�h���Ü

öJ ! (XN) '  
1
N

log t ! (XN| ! *) Ð 
1
2

trace{Ex![H! (x., ! *)]( ö!!! ML(XN) Ð ! *)( ö!!! ML(XN) Ð ! *) t}

Ex![logt ! (x.| ö!!! ML(XN))] '  Ex![log t ! (x.| ! *)] + 
1
2

trace{Ex![H! (x., ! *)]( ö!!! ML(XN)Ð ! *)( ö!!! ML(XN) Ð ! *) t}

�T�’�z b!  �›�-�‰�b�”�h�Š�t  ö! ! (XN) Ð Ex![log t ! (x.| ö!!! ML(XN))] �›�{�Š�‡�b�q�z

ö! ! (XN) Ð Ex![log t ! (x.| ö!!! ML(XN))]

'
1
N

logt ! (XN| ! *) Ð Ex[log t ! (x| ! *)] Ð trace{Ex[H(x, ! *)]( ö!!! ML(XN) Ð ! *)( q̂qqML(XN) Ð ! *) t}

�q�s�“�‡�b�U�z�7	s�w���ò�t�m�M�o�x�G
:�w�O���‘�“�z

1
N

logt ! (XN| ! *) = 
1
N

N

!
i=1

log t ! (xi| ! *)  (   Ex[log t ! (x| ! *)] for N (  "

�p�b�w�p�z 	Gü�G�V�s  N �t�0� �̀o

ö! ! (XN) Ð Ex![log t ! (x.| ö!!! ML(XN))] '  Ðtrace{Ex![H! (x., ! *)]( ö!!! ML(XN) Ð ! *)( ö!!! ML(XN) Ð ! *) t}
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�q�Ù�Å�p�V�‡�b�{�\�\�p�z	Í�Ü�w  XN(! ) �t��� �̀o�w�8�4�‹�›�q�•�y �Ì� �ž�µ �U�-�‰�p�V�o

b!  = EXN[ ö! ! (XN)] Ð +!  

= EXN[ ö! ! (XN)] Ð EXN, x!7log t ! (x.�� ö!!! ML(XN))A 

= EXN7ˆ! ! (XN) Ð Ex![log t ! (x.�� ö!!! ML(XN))]A

'  EXN7Ðtrace%Ex![H! (x., ! *)]( ö!!! ML(XN) Ð ! *)( ö!!! ML(XN) Ð ! *) t/ A

= Ðtrace%Ex![H! (x., ! *)]E XN[( öqqqML(XN) Ð ! *)( ö!!! ML(XN) Ð ! *) t]/

= Ðtrace%Ex![H! (x., ! *)] %XN[ ö!!! ML(XN)]/

[!  EXN[ ö!!! ML(XN)] = ! * �p�b�w�p  %XN[ ö!!! ML(XN)] = EXN[( ö!!! ML(XN) Ð ! *)( ö!!! ML(XN) Ð ! *) t]]

�q�s�“�‡�b�{

�y�^�’�t�z	Í�Ü�w�¤�w  %XN[ ö!!! ML(XN)] �›�-�‰�b�”�h�Š�t�z N �U	Gü�G�V�Z�•�y

ö!!! ML(XN(! )) ~ Normal(! *, 
1
N

Ex[H! (x, ! *)] –1'I[ ! *] 'Ex[H! (x, ! *)] –1)

�q�Ù�Å	Z�R�”�\�q�›�;�M�‡�b�{�^�o�z�M�X�m�T�µ�Â�¿�Ó�›�•�œ�p�\�w�\�q�›�ß�Q�o�æ�V�‡�`�•

�O�{�‡�c�z
! log" #

!$$$t |(XN, ö!!! ML(XN))
 �›  ! * �w	*�“�p�°�Í�‡�p�Â� �å�”�2�‰�`�h	Ô�ù�z�ì�S�M���Ü�w	Ú�E�T

�’

0 = 
! log" #

!$$$t |(XN, ö!!! ML(XN))
 '  

! log" #

!$$$t |(XN, ! *)
 + 

! 2

log " #

!$$$ t!$$$ |(XN, ! *)
( öqqqML(XN) Ð ! *)

�U
R�“�q�j�‡�b�w�p�z 	Gü�G�V�s  N �t�0� �̀o

Ð 
! log" #

!$$$t |(XN, ! *)
 '  

∂ 2 logra

∂qqq t∂qqq |(XN, ! *)
( ö!!! ML(XN) Ð ! *)

'  NEx[H! (x, ! *)]( ö!!! ML(XN) Ð ! *) [
1
N

! 2 log" #

!$$$t!$$$ |(XN, ! *)
 '  Ex[H! (x, ! *)]]

�p�b�{

�y�°�M�p�z�¬�p�!
:   f(xi(! ); ! *) $ 
! log" #

!$$$t |(xi(" ), ! *)
 �›�ß�Q�h�Ì�z�Ÿ�s�”  f(xi(! ); ! *) �x�“�M�t� �q�p

�K�“�z�f�w���É�qü�„�žü�„�æ�»�x�‰�°�w

Exi[ f(xi; ! *)] = Exi[
! log" #

!$$$t |(xi, ! *)
] = 0 [<Ž��! * = arg max

!!!
Ex[logt ! (x�� ! )]]

%xi[ f(xi; ! *)] = Exi[ f(xi�� ! *) f(xi�� ! *) t] = Exi=
! log" #

!$$$t |(xi, ! *)
'
! log" #

!$$$ |(xi, ! *)
G $ I[! *]
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�p�b�{�\�\�p�z I[ ! ] $ Ex=
! log" #

!$$$t |(x, ! )
'
! log" #

!$$$ |(x, ! )
G �x�Ñ�Ÿ�¿�³�ß�”	Ø�C�æ�»�p�b�{	H�l�oª�Š���É

øfff (XN(" )) $ 
1
N

N

Â
i= 1

f(xi(! ); ! *) = 
1
N

N

!
i= 1

! log" #

!$$$t |(xi($ ), ! *)
= 

1
N

! log" #

!$$$t |(XN($ ), ! *)
 �w 

!
N �

!
N øfff (XN(" )) = 

1
!

N

! log" #

!$$$t |(XN($ ), ! *)

�wüÍ�x�z� -���£�w�¤	ú�Ã�v���g�t�‘�“�z Normal(0, %x[ f(x); ! *]) = Normal(0, I[! *]) �wüÍ�t�Ù

�n�M�o�æ�V�‡�b  [üÍ	)���q�M�M�‡�b ]�{�`�h�U�l�oª�Š���É  øfff (! ) �wüÍ�x N �U	Gü�G�V�M�Ì �„

�…

øfff (XN(" )) ~ Normal(0, 
1
N

I[ ! *])

�p�K�“�z�\�\�p  øfff (XN(" )) = 
1
N

! log" #

!$$$t |(XN($ ), ! *)
 '  ÐEx[H! (x, ! *)]( ö!!! ML(XN(" )) Ð ! *)  �p�`�h�w�p

øfff (XN(" )) '  [ÐEx[H! (x, ! *)]( ö!!! ML(XN(" )) Ð ! *)]  ~ Normal(0, 
1
N

I[ ! *])

- [ ö!!! ML(XN(! )) Ð ! *] '  Ex[H! (x,! *)] –1 øfff (XN(" )) ~ Normal(0,
1
N

Ex[H! (x, ! *)] –1'I[ ! *] 'Ex[H! (x, ! *)] –1) 

[<Ž��%x[Ax(" )] = A%x[x(" )]At �p  A = {Ex[H! (x, ! *)]} –1 �q� �̀o�X�i�^�M ;  �‡�h�z

Ex[H! (x, ! *)] �x�0	¶�æ�»�p�z Ex[H! (x, ! *)] –t = Ex[H! (x, ! *)] –1 �p�b�{ ]

�q�M�OüÍ�t�s�“�‡�b�{�^�’�t

ö!!! ML(XN(! )) ~ Normal(! *, 
1
N

Ex[H! (x, ! *)] –1'I[ ! *] 'Ex[H! (x, ! *)] –1)

�‹
R�q�`�‡�b�{�m�‡�“�z�Í�å�Ý�”�»�w�7�ì
*���”�wüÍ�x���É�‹�›
��w�‹  ! * �q�`�zü�„�U

1
N

Ex[H! (x, ! *)] –1'I[ ! *] 'Ex[H! (x, ! *)] –1 �p�K�”
Y�FüÍ�p�Ù�Å�p�V�‡�b�{

�y�p�b�w�p�z ö!!! ML(XN(" )) �wü�„�žü�„�æ�»  %XN[ ö!!! ML(XN)] �x

%XN[ ö!!! ML(XN)] '  
1
N

Ex[H! (x, ! *)] –1I[ ! *]E x[H! (x, ! *)] –1

�q�Ù�Å�p�V�”�\�q�U�˜�T�“�‡�`�h�{

�y�\�w�A�L�›�b�;�`�‡�b�q�z�Ì� �ž�µ�x

b!  '  Ð trace#Ex![H! (x., ! *)] %XN[ ö!!! ML(XN)]-  '  Ð
1
N

trace#I[ ! *] 'Ex[H! (x, ! *)] –1-

[<Ž��Ex![H! (x., ! *)] = Ex[H! (x, ! *)]]
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�q�Ù�Å�p�V�h�\�q�t�s�“�z + = EXN,x![log t ! (x.�� ö!!! ML(XN))] �wÆ� 
*���”�x

ö! ! (XN(! )) Ð b!  '  
1
N

log t ! (XN(! )�� ö!!! ML(XN(! ))) + 
1
N

trace#I[ ! *] 'Ex[H! (x, ! *)] –1-

�q�M�O�\�q�t�s�“�‡�b�{

[�4��p�b�U�z�� -���£�w�7	s�w�M�p  b!  = Ðtrace%Ex![H! (x., ! *)] %XN[ ö!!! ML(XN)]/  �q�M�O�\�q�p�`�h�U�z

ö!!! ML(XN(" )) �U
´�Ù���®
Y�F
*���”
!

N( ö!!! ML(XN(" )) Ð ! *)  
d!  Normal(0, I[! *] –1)

�p�K�”�\�q�›�;�M�”�q�z	Gü�G�V�M  N �t�0� �̀o�z

%XN[ ö!!! ML(XN)]  '   
1
N

I[ ! *] –1

�q�_
u�‹�•�‡�b�{�p�b�w�p�z

b!  '  Ð
1
N

trace%Ex![H! (x., ! *)]I[ ! *] –1/

�q�ß�Q�’�•�”�\�q�‹�\�\�p�¦� � �̀o�S�V�‡�`�•�O�{	Í�G�w  b!  '  Ð
1
N

trace#I[ ! *] 'Ex[H! (x, ! *)] –1-  �q

�±�‚�”�q�z #...-  �w�¤�U�o�æ�»�t�s�l�o�M�‡�b�U�z Ex[H! (x, ! *)] = ÐI[! *] �U
R�q�`�‡�b�w�p�ð�J�t

�x�s�“�‡�d�œ�{ ]

�y�\�\�‡�p�p�>��� �̀o�V�h�\�q�›
T�g� �̀o�S�V�‡�`�•�O�•

(1) t ! (x| ! ) �x  !  �t�m�M�o���Š� •ü�D�ó�p�K�“�z Hessian 
! 2 log" #

!$$$!$$$t �x�È��

(2) Ex[log t ! (x�� ! )] �U�Í�å�Ý�”�»�í���w�º�:  ! * �p�7�G�‹�›�q�”�z�b�s�˜�j

Ex=
! log" #

!$$$ |(x, ! *)
G = 0

(3)  N �U	Gü�G�V�M

�� -���£ Ex[H! (x, ! *)] = ÐI[! *] �›�;�M�h  AIC �w�‹	Z

�y �^�’�t�^�æ�›
��Š�o�z Hessian �æ�»�›�-�‰�b�”�h�Š�t�z�>���›�C�Q�‡�b�{

(4) X �U���„�€ �è	×�w�Ã�”�»�í���x���„�p�`�•�O�{

(5) t ! (x| ! ) �U (x, ! ) �t�m�M�o�È��

(6) 
��wüÍ�U���ß�Q�o�M�”�Þ�Ã�ç��  M!  = {t ! (x �� ! ); !  ! ! ! } �t�Ö�l�o�M�”�{�b�s�˜�j�z

! * = arg max
!!!

Ex[logt ! (x �� ! )] �q�b�•�y  #(x) = t ! (x �� ! *) �U
R�q�b�”�q�ß�Q�”�˜�Z�p�b�{

�^�o�z Hessian �æ�»�t�m�M�o�x
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! 2 log" #

!$ i !$ j
 = 

!
! " i

(
1

! " (xxx|###)
! " #

!$ j
2 

= 
1

! " (xxx|###)
'

! 2" #

!$ i !$ j
 Ð 

1
! " (xxx|###)2 '

! " #

!$ i
'
! " #

!$ j
 

= 
1

! " (xxx|###)
'

! 2" #

!$ i !$ j
 Ð 

! log" #

!$ i
'
! log" #

!$ j

�U
R�q�b�”�\�q�T�’�z Hessian �w�8�4�‹  Ex[H! (x, ! *)] = Ex=
! 2 log" #

!$$$!$$$t |(x, ! *)
G �x

[Ex[H! (x, ! *)]] ij = Ex=
! 2 log" #

!$ i !$ j
|(x, ! *)

G = Ex=
1

! " (xxx|###! )
'

! 2" #

!$ i !$ j
|(x, ! *)

G Ð Ex=
! log" #

!$ i
|(x, ! *)

'
! log" #

!$ j
|(x, ! *)

G 

�q�p�V�‡�b�{�\�\�p�î�x�® t ! (x�� ! ) �U !  �p� •ü�D�ó�p�z (x, ! ) �t�m�M�o�È���s�’�y�z� •ü�q  

(���„�sc�“�w ) 
uü�›�Ö�•�8�Q�”�\�q�U	Z�R�”�¯�\�q�q  #(x) = t ! (x �� ! *) �q�T�’

Ex[
1

! " (xxx|###! )
'

! 2" #

!$ i !$ j
] = !

X

1
! " (xxx|###! )

'
! 2" #

!$ i !$ j
#(x)dx = !

X

! 2" #

!$ i !$ j
dx = 

! 2

! " i ! " j
!

X
t ! (x| ! *)dx = 

! 2

! " i ! " j
1 = 0

�U
R�q�`�‡�b�w�p

[Ex[H! (x, ! *)]] ij = ÐEx=
! log" #

!$ i
|(x, ! *)

'
! log" #

!$ j
|(x, ! *)

G

-  Ex[H! (x, ! *)] = ÐI[! *]

�U
R�q�b�”�\�q�U�˜�T�“�‡�b�{

�y Ex[H! (x, ! *)] = ÐI[! *] �›�� -���£�w�A�æ�t�E�Ö�`�‡�b�q�z

b!  '  Ð
1
N

trace#I(! *) 'Ex[H! (x, ! *)] –1-  = Ð
1
N

trace#I[ ! *] '(ÐI[! *]) –1-  = 
1
N

trace#Id-  = 
d!

N

�`�i�U�l�o�z +!  = EXN,x![log t ! (x.�� ö!!! ML(XN))] �wÆ� 
*���”�x

ö! ! (XN(" )) Ð b!  = 
1
N

log t ! (XN(" )�� ö!!! ML(XN(" ))) Ð b!  '  
1
N

log t ! (XN(" )�� ö!!! ML(XN(" ))) Ð 
d!

N

�q�q�o�‹�³�ï�Ó�ç�s���t�‰	Z�^�•�‡�`�h�{�p�b�w�p�z��o�Ã�”�»  XN(" ) = XN �›�;�M�o�z�Þ�Ã�ç

�›°�A�b�”�M�t�x  +!  = EXN,x![log t ! (x.�� ö!!! ML(XN))] �wÆ� 
*���‹�x

ö! ! (XN) Ð b!  = 
1
N

log t ! (XN�� ö!!! ML(XN)) Ð 
d!

N

�q�s�“�‡�b�U�z�^�’�t
z�‘�x  Ð2N �›�»�Z�o�z Akaike Information Criterion AIC
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AIC(M! ) $ Ð2N{ ö! ! (XN) Ð b! } = Ð2log t ! (XN�� ö!!! ML(XN)) + 2d!

�›�Þ�Ã�ç��  M!  �w�‘q�›���”�¦ª�¢ AIC �U	–�^�M�„�r�‘�M�Þ�Ã�ç���£�q�`�‡�`�h�{

�y�q�î�w�Ã�”�»	)	B�p�x�°
Ê�w�Ã�”�»�·�¿�Ä  XN = {x1, ..., xN} �›�˜�”�w�U�•�l�q�w�\�q�‹���M�p

�`�•�O�T�’�z
z�‘�x�f�w�s�T�p�‰	Z�D�ó�s�7�G�0
:�ì�S   log t ! (XN| ö!!! ML(XN)) �›�–�l�o�Þ�Ã�ç���w

�‘q�›°�A�`�‘�O�q�`�h�˜�Z�p�b�{�\�w�‹�U	–�^�M�„�r  (KL 	Ø�C�”�w�™�¯�p ) �‘�M�'���›�b�”

�Þ�Ã�ç���q�M�O�\�q�t�s�“�‡�b�{�è	×�x�z
†�Ì�Í�å�Ý�”�»
:�U
ÿ�Q�•�y�7�G�0
:�ì�S�x�G�V�X

�s�“�‡�b�w�p�z Ðlog t ! (XN�� ö!!! ML(XN)) �q  d!  �x�p�Å�$�t°�A�t�®�M�o�X�”�\�q�U�˜�T�“�‡�b�{�‰�a�Ã

�”�»�·�¿�Ä  XN �T�’�z�Í�å�Ý�”�»�›æü�$�t�ž���b�”���m�w�Þ�Ã�ç��  M!  �q  M% �U�ß�Q�’�•�”	Ô

�ù�z ! !  "  ! % �s�’�y�z�ì�S�wæü�x�è	×

Ðlog t ! (XN�� öqqqML(XN)) $ Ðlog t %(XN�� ö!!! ML(XN))

�q�s�“�‡�b�U�z d!  < d% �w�M�U�®�M�o

AIC(M! ) = Ð2log t ! (XN�� ö!!! ML(XN)) + 2d!    <   Ð2log t %(XN�� !̂!! ML(XN)) + 2d% = AIC(M%)

�q�s�”�s�’�y�z�‘�M�'���›�b�”�q�M�O�™�¯�p  M!  �w�„�O�U  M% �‘�“���•�o�M�”�q�M�O�\�q�t�s�“

�‡�b�{

���£ BIC Bayesian information criterion

�y AIC �w�Ì�q�‰�7�t�Ž�<�w�‘�O�s
ƒ���›�`�‡�b�{

�¬�p�!
:�Õ�«�Ä�ç  x(! ) !  X "  Rn


��w�¬�p�µ�S  #(x)

� �q�s����Ã�”�»  XN = {x1, ..., xN}

�Þ�Ã�ç���w	B�ù { M! } 1#! #r;  M!  = { t ! (x�� ! ); !  ! ! ! }

�Þ�Ã�ç��  M!  �w�Í�å�Ý�”�»  !  !  ! !  "  Rd!

�Þ�Ã�ç��  M!  �w���Š�b�”�¬�p�µ�S  t ! (x �� ! )

�Þ�Ã�ç M!  �w�Í�å�Ý�”�»�w�ì�S  t ! (XN�� ! ) = 
N

!
i= 1

t ! (xi| ! )

�y�\�\�T�’�U�z�Õ� �¶�w�-�q� �̀o�w	ý�`�M
ƒ���p�b�U�z�‡�c�z�Þ�Ã�ç
¬�R�q�x�‘�w�Í�å�Ý�”�»

�w
¬�R�t�0�b�”�‰�Ì�¬�püÍ (�µ�S ) 

p(XN, M! , ! )dXNd!  $ Pr#XN(! ) !  dXN, M(! ) = M! , " (! ) !  d! - [Pr{...}, probability]

�›�ß�Q�‡�b�{ AIC �p�x  !  �x�K�X�‡�p�Í�å�Ý�”�»�p�`�h�U�z�Õ� �¶�w�-�p�x�¬�p�Õ�«�Ä�ç  " (! ) �q

� �̀o�
�Q�’�•�o�M�”�\�q�t�«�è� �̀o�X�i�^�M�{�\�w�¬�p�x	Ú�EÇ�V�¬�p�w�Ü�T�’

p(XN, M! , ! )dXNd!  = p(XN, !  �� M! )p(M! )dXNd!  = p(XN �� ! , M! )%(!  �� M! )p(M! )dXNd!
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�q�2�‰�p�V�‡�b�{�\�\�p�z p(M! ) �x�Þ�Ã�ç��  M!  �w�Ä
²�¬�p�¢�Ã�”�»�›�˜�”
²�t�Ë�l�o�M�”	��

�¬�p�£�p�z %(! �� M! )d!  �x�Þ�Ã�ç  M!  �›
²���t�`�h�q�V�t  " (" ) !  d!  �p�K�”�Ä
²�¬�p�µ�S�p�b�{�^

�’�t�z

p(XN �� ! , M! )dXNd!  $ Pr#XN(! ) !  dXN�� M(! ) = M! , " (! ) !  d! -

�x�f�w�™�¯�›�ß�Q�•�y�z t ! (XN �� ! )dXNd!  �w�\�q�t���s�“�‡�d�œ�T�’�z

p(XN, !  �� M! ) = p(XN �� ! , M! )%(!  �� M! ) =  t ! (XN �� ! )%(!  �� M! )

�U
R�q� �̀o�M�‡�b�{�\�w�¬�p�µ�S�T�’�z�Þ�Ã�ç���w  (	*�% )�ì�S   

p(XN �� M! )dXN $ Pr#XN(! ) !  dXN �� M(! ) = M! -  
�‹�-�‰�p�V�o

p(XN �� M! ) = !
& !

p(XN, !  �� M! )d!  = !
& !

t ! (XN �� ! )%(! �� M! )d!

�q	{�Z�”�\�q�U�˜�T�“�‡�b�{�\�O� �̀o�z�Þ�Ã�ç���w�Ä�™�¬�p   p(M! �� XN) �x

p(M! �� XN) = 
p(XXXN|M! )p(M! )

! " p(XXXN|M" )p(M" )
[<Ž��Bayes �w���g ]

= 

!
! "

#" (XXXN|$$$)%($$$|M" )d$$$ áp(M" )

! &
!
! &

#&(XXXN|$$$)%($$$|M&)d$$$ áp(M&)
[<Ž��p(XN�� M! ) = !

& !
t ! (XN�� ! )%(! �� M! )d! ]

�q�°`�t�G	\�p�V�”�\�q�U�˜�T�“�‡�`�h�{�b�s�˜�j�z
��w�Í�å�Ý�”�»  ! * �›P�O
��w�Þ�Ã�ç���x  

{ M! } 1#! #r �w�¤�w�r�\�T�t�K�”�q� �̀o�z�Ã�”�»  XN �›�)�Q�’�•�h�Ì�t�z
��w�Þ�Ã�ç���U  M!  �p�K�”

�¬�p�›�z�Þ�Ã�ç�w�Ä�™�¬�p  p(M! �� XN) �q� �̀o�M�‡�b�{�\�\�p�{�Š�h�M�w�x�Ä�™�¬�p  p(M! �� XN) �U�7

�G�t�s�”�Þ�Ã�ç��  M!  �p�b  [�Ä�™�7Ã�‹�K�”�M�x�Ä�™�Þ�”�Å�q�t�M�‡�b ]�{

�y�\�\�p�z�Þ�Ã�ç��  M!  �w�Ä
²�¬�p  p(M! ) �t�m�M�o�x�z�?�’�w	Ø�C�‹�s�M�w�p�Á	Ø�C�Ä
²üÍ

p(M! ) = 1/r

�q�`�‡�b�q�z�Ä�™�¬�p�x

p(M! �� XN) = 

!
! !

" ! (XXXN|###)$(###|M! )d###

" %
!

! %
" %(XXXN|###)$(###|M%)d###

�q�s�“�‡�b�{�È�Ü�wü�<�x

!
!
!

& "
t %(XN �� ! )%(! �� M%)d!  = !

!
p(XN �� M%) = p(XN)

�q�M�O�F�¨�=��
:�p�z�Þ�Ã�ç���t�‘�’�s�M�°���w�‹�t�s�“�‡�b�w�p�z�A�Á�z�È�Ü�wü� �p�K�”

�Þ�Ã�ç��  M!  �w�ì�S

L(M! ) $ p(XN�� M! ) = !
& !

t ! (XN�� ! )%(! �� M! )d!

�U�7�G�t�s�”�Ì�t�Ä�™�¬�p  p(M! �� XN) �U�7�G�t�s�“�‡�b�{�b�s�˜�j�z�ì�S  p(XN�� M! ) �w�7�G�‹�›�‹

�h�’�b�Þ�Ã�ç���›�{�Š�”�\�q�U�z�7�G�Ä�™�¬�p  (maximum a posteriori MAP) �›�Ô�b�Þ�Ã�ç�›�{�Š
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�”�\�q�t�s�“�z�\�\�p�w�°�”�ç�t�s�“�‡�b�{ [�\�\�p�z�«�è� �̀o�S�M�o�M�h�i�V�h�M�w�x�z�\�O

�M�O
ƒ���p�b�w�p�z
��wüÍ�U�f�•�g�•�w�Þ�Ã�ç��  M!  �w�¤�t�K�”�¬�p�›�{�Š�o�M�X�\�q�t�s�“

�‡�b�{�K�”�M�x�f�O�M�O�¥
Ý�p�K�”�q�M�O�\�q�t�s�“�‡�b�{ ]

�y BIC �›�‹	Z�b�”�M�t�x�z�7�™�w�>���q� �̀o�Í�å�Ý�”�»�w�Ä
²üÍ�t�0� �̀o

%(! �� M! ) = ( (N0) = ( (1)

�q�`�‡�b�{�Í�å�Ý�”�»�w�Ä
²üÍ�U��o
:  N �t�‘�’�s�M�q�M�O�>���p�b�U�z�f�•�„�r�Á�g�w�Á

�M�>���p�b�{

�� -��£ �^�o�Ž�<�p�x�z�ì�S  L(M! ) = p(XN�� M! ) �w�Ù�Å�‹�›�{�Š�o�æ�V�‡�`�•�O�{�‡�c�z t ! (XN �� ! ) 

�wæü�p�b�U�z AIC �p�w�Ì�q�‰�7�t  ö!!! ML(XN) �w�Ù�c�p���Í�‡�p�w�Â� �å�”�2�‰�›�;�M�o�z

log t ! (XN �� ! ) 

'  log t ! (XN| ö!!! ML(XN)) + 
! log" #

!$$$ ��(XN, ö!!! ML(XN))
(!  Ð ö!!! ML(XN)) 

+ 
1
2

(!  Ð ö!!! ML(XN))t !
2 log" #

!$$$!$$$t ��(XN, ö!!! ML(XN))
(!  Ð ö!!! ML(XN))

= log t ! (XN| ö!!! ML(XN)) + 
1
2

(!  Ð ö!!! ML(XN))t !
2 log" #

!$$$!$$$t ��(XN, ö!!! ML(XN))
(!  Ð ö!!! ML(XN))

[ ö!!! ML(XN) �x�7�ì
*���”�s�w�p�z
! log" #

!$$$ ��(XN, ö!!! ML(XN))
 = 0]

= log t ! (XN| ö!!! ML(XN)) + 
1
2

(!  Ð ö!!! ML(XN))t'H! (XN, ö!!! ML(XN))'(!  Ð ö!!! ML(XN)) 

[Hessian matrix H! (XN, ! ) $ 
! 2 log" #

!$$$!$$$t ��(XN, ! )
]

�°�M�p�z %(! �� M! ) �t�m�M�o�x��Í�‡�p�Ù�Å� �̀o

%(! �� M! ) '  %( ö!!! ML(XN)�� M! ) + 
! "
!### ��ö!!! ML(XN)

(!  Ð ö!!! ML(XN))

�q�`�‡�b�{�\�•�’�T�’�z

L(M! ) = p(XN �� M! ) a= !
& !

t ! (XN �� ! )%(! �� M! )d! k

= !
& !

exp{log t ! (XN �� ! )} %(! �� M! )d!

'  !
& !

exp&log t ! (XN| ö!!! ML(XN)) + 
1
2

(!  Ð ö!!! ML(XN))t'H! (XN, ö!!! ML(XN))'(!  Ð ö!!! ML(XN))0

( &%( ö!!! ML(XN �� M! ) + 
! "
!### ��ö!!! ML(XN)

(!  Ð ö!!! ML(XN))0d!

= !
& !

t ! (XN| ö!!! ML(XN))exp&Ð 
1
2

(!  Ð ö!!! ML(XN))t'{ÐH! (XN, ö!!! ML(XN))} '(!  Ð ö!!! ML(XN))0
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( &%( ö!!! ML(XN �� M! ) + 
! "
!### ��ö!!! ML(XN)

(!  Ð ö!!! ML(XN))0d!

= t ! (XN| ö!!! ML(XN))%( ö!!! ML(XN)�� M! )!
& !

exp&Ð 
1
2

(!  Ð ö!!! ML(XN))t'{ÐH! (XN, q̂qq ML(XN))} '(!  Ð ̂qqq ML(XN))0d!

+ !
& !

exp&Ð 
1
2

(!  Ð ̂qqq ML(XN))t'{ÐH! (XN, q̂qq ML(XN))} '(!  Ð ö!!! ML(XN))0 
! "
!### ��ö!!! ML(XN)

(!  Ð ö!!! ML(XN))0d!

�q�Ù�Å�p�V�‡�b�{

�y�-�‰�w�h�Š�t�z " (" ) �U d �Í�i
Y�FüÍ  Normal(m, $ ) = Normal(ö!!! ML(XN), ÐH! (XN, ö!!! ML(XN))–1)  �t

	H�O�q�ˆ�h�o�‡�b�q  ! !  = Rd �q�s�“�z

!
&

1
!

(2! )d|det" |  
exp&Ð 

1
2

a(!  Ð m)t$ –1(!  Ð m)k0d!  = 1 

-  !
&
exp&Ð 

1
2

a(!  Ð m)t$ –1(!  Ð m)k0d!  = 
!

(2! )d|det" |

�U
R�q�b�”�q�q�‹�t�z
Y�FüÍ�w  m �›�¤	ú�t�`�h�0	¶
Q�T�’�Ú�™�w  d �Í�i�Õ�«�Ä�ç  a �t�0� �̀o

!
&

1
!

(2! )d|det" |  
exp&Ð 

1
2

a(!  Ð m)t$ –1(!  Ð m)k0'at'(!  Ð m)d!  = 0 

�‹
R�q�`�‡�b�w�p�z

L(M! ) 

'  t ! (XN| ö!!! ML(XN))%( ö!!! ML(XN)�� M! )
!

(2! )d|det(! H" (XN, ö###(XXXN))Ð1)|

= t ! (XN| ö!!! ML(XN))%( ö!!! ML(XN)�� M! )
!

(2! )d/ | det(! H" (XN, ö###(XXXN))) | [<Ž��det A–1 = 1/det A]

�q�p�V�‡�b�{

�y�\�\�p�z L(M! ) = p(XN�� M! ) �w Ð2log �›	��•�y�z

Ð2log L(M! )
'  Ð2logt ! (XN| ö!!! ML(XN)) Ð 2log %( ö!!! ML(XN)�� M! ) Ð d! log 2% + log#det(ÐH! (XN, ö!!! ML(XN)))#

�q	Z�R�‡�`�h�{�\�\�‡�p�x  N �w�G�V�^�t�(�È�^�•�s�M�^�æ�›� �̀o�V�‡�`�h�{

�� -���£ N �U	Gü�G�V�M�Ì

�y �^�’�t�\�\�p�z�� -���£�q�‰�a�^�æ�T�’�z N �U	Gü�G�V�Z�•�y

1
N

H! (XN, ö!!! ML(XN)) = 
1
N

! 2 log" #

!$$$!$$$t ��(XN, ö!!! ML(XN))
 '  Ex[H! (x, ! *)] [ ! * $ arg max

!!!  
Ex[logt ! (x �� ! )] ]

�q�p�V�‡� �̀o�z

det(ÐH! (XN, ö!!! ML(XN))) '  det(ÐNEx[H! (x, ! *)]) = Nddet Ex[ÐH! (x, ! *)] [ <Ž��det NA = Nddet A]
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�U
R�q�`�‡�b�w�p�z d = d!  �q�Þ�Ã�ç�‘��
Q�›�Ì�G� �̀o

Ð2log L(M! ) 
'  Ð2logt ! (XN| ö!!! ML(XN)) Ð log %( ö!!! ML(XN)�� M! ) Ð d! log 2% + d! log N + log#det Ex[ÐH! (x, ! *)] #

�q°�A�p�V�‡�b�U�z ��oª�Š
:  N �U	Gü�G�V�M �Ì�t�x  N �w
ÿ�G�tS� �`�s�M�ò

Ð%( ö!!! ML(XN)�� M! ) = O(N0) [�q�>���`�‡�`�h ]

Ðd! log 2% [�î�x�Í�å�Ý�”�»�U
ÿ�Q�”�q���b�t�s�”�ò�p�b ]

log#det Ex[ÐH! (x, ! *)] # [#(x) �U�°�Œ�p�b�w�p�-�‰�p�V�‡�d�œ�U�z  N �t�‘���`�‡�d�œ ]

�›�Á�¹�p�V�”�‘�O�t�s�“�z N �q�q�‹�t
ÿ�G�b�” �˜�w	O�A�s�ò

logt ! (XN| ö!!! ML(XN)) = 
N

!
i= 1

log t ! (xi| ö!!! ML(XN)) /  N

d! log N  /  log N
�U�’�“�z

Ð2log L(M! ) '  Ð2logt ! (XN| ö!!! ML(XN)) + d! log N

�q�s�“�‡�b�{�\�w�È�%�›  Bayesian Information Criterion BIC

BIC(M! ) $ Ð2logt ! (XN| ö!!! ML(XN)) + d! log N

�q���[�`�z�\�w  BIC �‹�U	–�^�M�„�r�Ä�™�¬�p  p(M! �� XN) /  L(M! ) �U�G�V�X�s�“�‡�b�w�p�z  �Ä�™�¬

�p�›�7�G�t�b�”�q�M�O�™�¯�p
¬�•�‚�V�Þ�Ã�ç��  M!  �p�K�”�q�M�O�\�q�t�s�“�‡�b�{

�y AIC �q�±�‚�‡�b�q�z BIC �p�x�K�X�‡�pª�Š  XN(" ) = XN �›�)�Q�’�•�h	Ý�¯�p�Ä�™�Þ�”�Å  (�7Ã

�‹ ) �›�¦ª�t�Þ�Ã�ç��
¬�R� �̀o�S�“�z�Þ�Ã�ç���t�‘�”�°�R�'���w�‘�^�›�¦ª�t�x� �̀o�M�s�M�\�q

�U�˜�T�“�‡�b�{�t�M�õ�Q�•�y�z BIC �p�x �)�Q�’�•�hª�Š  XN(" ) = XN �›�7�‹�‘�X
†�Ì�b�”�Þ�Ã�ç

�›
¬�|�‡�b�w�p�z�a�ˆ�›�‘�X
†�Ì�b�”�Þ�Ã�ç���›
¬�R� �̀o�M�” �\�q�t�s�“�‡�b�{

���£ MDL

�y BIC �w�Ì�q�‰�7�t�¬�p�Þ�Ã�ç��  {M! } �›�ß�Q�‡�b�{�\�•�›�;�M�o�Ã�”�»�›Ö�ø�=� �̀o
ù	ô�b�”

�q�V�w�7	–Ö�ø�Õ  minimum description length MDL �w�“�æ�T�’  MDL criterion �q�t�M�‡�b�{

�¬�p�!
:�Õ�«�Ä�ç  x(" ) !  X "  Rn


��w�¬�püÍ  #(x)

� �q�s����Ã�”�»  XN = {xi} i=1, …, N

�Þ�Ã�ç�w	B�ù�� { M! } 1#! #r

�Þ�Ã�ç M!  �w�Í�å�Ý�”�»  !  !  ! !  "  Rd(! )

�Þ�Ã�ç M!  �w�Í�å�Ý�”�»�w�ì�S  t ! (XN �� ! ) = 
N

!
i= 1

t ! (xi| ! )

�q�M�O
ƒ���›�ß�Q�‡�b�{
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�y�Þ�Ã�ç�w�Í�å�Ý�”�»�x�°�Œ�p�b�w�p�z�‡�c  !  �›Ö�ø�=� �̀o
ù	ô�`�z�Í�t  t ! (x| ! ) �›�;�M�o�z�Ã

�”�»  XN �›
ù	ô�b�”�‹�w�q�`�‡�b�{�\�w�Ì


¶Ö�ø�Õ  DL

= {!  �U�)�Q�’�•�h�Ì�z�Ã�”�»�wÖ�ø�=�t�A�b�”Ö�ø�Õ } + { �Þ�Ã�ç�×
��wÖ�ø�Õ }

= 
N

!
i= 1

Ðlogt ! (xi| ! ) + {!  �wÖ�ø�Õ}

= Ðlogt ! (XN| ! ) + {!  �wÖ�ø�Õ}

�q�ß�Q�’�•�‡�b�{

�y�\�w�Ì�z !  �›Ö�ø�=�b�”�q�V�z�Í�å�Ý�”�»�í��  ! !  �›�°�%  '  �w•	–�Ú�M�.�tü�Â�`�‡�b�{�\�w

�Ì  '  �t���b�”  DL �w�7	–�‹�x

MDL = Ðlogt ! (XN| ö!!! ML(XN)) + log!
& !

1
!

(2! )d|det(NEx[ÐH" (x,###)]) ! 1|
d!  + O(N–1/2)

= Ðlogt ! (XN| ö!!! ML(XN)) + 
d
2

log N Ð 
d
2

log 2% + log!
& !

!
| detEx[ÐH! (x, """ )]|d!  + O(N–1/2)

�p�Ù�Å�p�V�‡�b�{ [�\�\�x�z�V�j�œ�q�‹�Z�o�M�‡�d�œ�{	•�R�V�j�œ�q�G	\�`�‡�b�{ ]

�y�\�w�O�j�z N �›
ÿ�G�^�d�h�Ì�w	��h�”�ò�w�ˆ�›�’�b�q�z

MDL = Ðlogt ! (XN| ö!!! ML(XN)) + 
d
2

log N

�q�s�”�\�q�U�˜�T�“�‡�b�{�\�•�›����b�•�y  BIC �q�°�•�`�‡�b�{

���£	—
:��oª�Š
:�w�ð�J�:

�y�‹	Z�w�a���›�ˆ�‡�b�q�z AIC �p�‹  BIC �p�‹��oª�Š
:  N �U	–�^�M�q�V�x�r�O�s�”�w�T�q�M�O

�Y�ð�U
\�a�‡�b�{�«�Q�y  BIC �p�Á�¹�`�h  Ðd! log 2% �t�m�M�o�x�z�Þ�Ã�ç
¬�R�p�è�¹�›�‹�m�ò�t�s

�“�‡�b�w�p�z N �U	–�^�M�q�V�t�Á�¹�`�t�X�X�s�“�‡�b�{�^�’�t�z N = 1 �i�l�h�“�`�‡�b�q�z

BIC = Ð2logt ! (XN| ö!!! ML(XN))

�q�s�l�o�`�‡�M�z�Í�å�Ý�”�»�”
:  d!  �t�‘�”�Ö�Æ�ç�Â�Ÿ�U	«�Q�o�`�‡�M�‡�b�{

�y AIC �q  BIC �r�j�’�t� �̀o�‹�z N �U	–�^�M�q�V�x�›���w�ß�€�Už�A�i�q�t�O�\�q�t�s�“�‡�b�{

�®
z�‘�Â�Í�s�¶�•
z�‘	Ø�C�”�,	j  AICÑ �Þ�Ã�æ�ï�¬�~�'���~�Œ�ÝC�_�z�ž�q	Z[�z 2007�¯�w 70

���t MDL �,	j�w�r
†�›� �̀o�M�”���b
Œ
\�w�G	\�t�<�G�w�‘�O�s�‹�w�U�K�“�‡�b�•

�®�¬�p�Þ�Ã�ç  M �t�S�M�o�z�h�q�Q�y�z [N �x�w�º ]�?�x�T�w����¢ m �x�q�`�‘�O�£�›�{�q�‡

�q�Š�t�`�h
u�w�Þ�Ã�ç

t (x1, ..., xm| ! ) = 
m

!
i= 1

t (xi| ! )
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�›�ß�Q�”�q�z�Í�å�Ý�”�»�w
:�x�‰�a�p�Ã�”�»�w
:�U  1/m �t�n�l�o�`�‡�O�‘�O�t�_�Q�”�{�\

�w�q�V  log N �w�ò�U  log(N/m) �q�s�”�{ m �›‡	×�t�G�V�X� �̀o�ˆ�‘�O�{�«�Q�y  m = N �q�b�•

�y�z�\�w�ò�x�s�X�s�l�o�`�‡�O�{�\�O�s�”�q�z MDL �wG�Ú�ò�x�™�¯�›�s�^�s�X�s�”�{�\

�•�x  MDL �w�Í�å�Å�¿�«�µ�p�K�”�{�`�T�`�z m �s�w����›�‡�q�Š�•�y�z�Ñ�Ÿ�¿�³�ß�”	Ø�C

�æ�»�x��s�K�h�“�w  m ��t�s�”�{G�Ú�ò�x�z�Ñ�Ÿ�¿�³�ß�”	Ø�C�æ�»�w�.
u�w log�q� �̀o	Z

�o�X�”�w�p�z�.
u�ò�›�Ö�•�•�y  N �xÆ�!�t�-�h�•�”�{�`�h�U�l�o�z�\�w�Í�å�Å�¿�«�µ�x�r

	«�b�”�{

�y�¬�T�t�z� �q�‰�°üÍ�T�’�w����p�s�M	Ô�ù�z�h�q�Q�y�Õ�M�Ì�%�»�w��s�w����w	Ô�ù

�s�r�z�±�ï�Ó�ç
:  N �›�–�O�w�x�>�Ë�j�U�q�M�{�\�\�p�M�O  N �x�Ñ�Ÿ�¿�³�ß�”	Ø�C�”�¢�æ

�»�£�w�S�S�V�^ �p�K�”�q�b�”�q�z
¶�o�r�>�b�”�{�¯

�y	Í�G�w� �̄Ý�ï�Ä�q�‰�7�t�z BIC �w�‹	Z�a���w�� -��£�w�A�L�›�_�‡�b�q  N �w�G�V�^�t�‘�’�c�t

Ð2log p(XN �� M! ) 

'  Ð2logt ! (XN| ö!!! ML(XN)) Ð 2log %( ö!!! ML(XN)) Ð d! log 2% + log#det(ÐH! (XN, ö!!! ML(XN)))#

�q�p�V�‡�`�h�U�z�™�–�w���ò

Ð 2log %( ö!!! ML(XN)) Ð d! log 2%  + log#det(ÐH! (XN, ö!!! ML(XN)))# [log 2% = 0.693]

�x  Occam ��
:�q�z�y�•�h�“�`�‡�b�{�f�•�x�z�Í�å�Ý�”�»�›
ÿ�•�b�q�G�V�X�s�“�z�Ö�Æ�ç�Â�Ÿ�t

�s�”�ò�p�b�w�p�z�¦�¿�§�Ü�w�§�Û�¹�æ�›�K�o�’�•�”�‚�V�ò�è�q�M�O�™�¯�p�b�{�^�’�t�\�\�p�x

���b
Œ
\�w�M�O�Ñ�Ÿ�¿�³�ß�”�æ�»�w Ò�.
u Ó�U #det(ÐH! (XN, ö!!! ML(XN)))# �t�„�…
ì�p�`�‡�b�{

Ð2log %( ö!!! ML(XN)); �Ä
²üÍ�›�Á	Ø�CüÍ�q�b�•�y�z��
:�t�s�“�‡�b�{

Ðd! log 2% = Ð0.693d! ; �\�w�ò�x�Í�å�Ý�”�»�w
:�U
ÿ�Q�h�M�t�î�x���b�t�s�”�ò�p�b�{

log#det(ÐH! (XN, ö!!! ML(XN)))#;  �æ�» ÐH! (XN, ö!!! ML(XN)) �wÒ�G�V�^ Ó�t�K�h�“�‡�b�{

�y�«�Q�y�z�°�s�w�Ã�”�»  X1 = {x} �p�{�Š�h	Ô�ù�z

Ð2log p(x �� M! )

'  Ð2logt ! (x| ö!!! ML(x)) Ð log %( ö!!! ML(x)) Ð d! log 2%  + log#det(ÐH! (x, ö!!! ML(x)))#

�q�p�V�‡�b�U�z�\�w	Ô�ù�z�æ�»

H! (x, ö!!! ML(x)) = 
! 2 log" #

!$$$t!$$$ ��(x, ö!!! ML(x))
 = f

! 2 log" #

!$ i !$ j ��(x, ö!!! ML(x))
p

�›�Þ�Ã�ç  t ! (x| ! ) �T�’�Ú�t�-�‰� �̀o�z det(ÐH! (x, ö!!! ML(x))) �›�{�Š�o�`�‡�l�h�’�‘�M�p�`�•�O�{

�� -��£ Hessian matrix �w�G�V�^

�y Hessian matrix H! (XN, ö!!! ML(XN)) �x�î�0	¶�æ�»�p�b�w�p�z�Ú�¦�æ�»  U [Ut'U = Id] �U���O� �̀o
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Ut'H! (XN, ö!!! ML(XN))'U = diag() 1, ..., ) d)

�q�0�¯�=�p�V�‡�b�{ { ) 1, ..., ) d}  �x  H! (XN, ö!!! ML(XN)) �w�{���‹�p�z�î
:�t�s�“�‡�b�{�\�w�q�V�z

det{ÐUt'H! (XN, ö!!! ML(XN))'U} = 
d

!
i= 1

(Ð) i)

�p�b�U�z�°�M�p

det{ÐUt'H! (XN, ö!!! ML(XN))'U} = det U–1'det(ÐH! (XN, ö!!! ML(XN)))'det U = det(ÐH! (XN, ö!!! ML(XN)))

�p�b�{�`�h�U�l�o�z det(ÐH! (XN, ö!!! ML(XN))) = 
d

!
i= 1

(Ð) i) �p� �̀o�z ÐH! (XN, ö!!! ML(XN)) �wÒ�.
u Ó�x

#det(ÐH! (XN, ö!!! ML(XN)))# = #
d

!
i= 1

(Ð) i)# = 
d

!
i= 1

#) i# = #det(H! (XN, ö!!! ML(XN)))#

�q�s�“�‡�b�{�«�è� �̀o�„�`�M�w�x�z�‹�`�{���‹�t  0 �U�°�m�p�‹�K�“�‡�b�q�z�.
u�x  0 �t�s�”�\

�q�p�b�{�^�’�t�f�w�0
:�x

log#det(H! (XN, ö!!! ML(XN)))# = log(
d

!
i= 1

#) i#) = 
d

!
i= 1

log#) i#

�q�G	\�p�V�z Hessian matrix H! (XN, ö!!! ML(XN)) �wÒ�G�V�^ Ó�p�b�{�G�V�^�w Ô���•�” Õ Hessian matrix �x

�{���‹�t  0 �U�K�“�‡�d�œ�w�p�z
Y���æ�»�t�s�“�‡�b�{

�� -���£ N = 1 �w AIC

�y���£�G	\�`�‡�b  c-AIC �t�S�M�o�‹  N > d! +1 $ 3 �s�r�w
M�v�U�T�T�“�‡�b�{�b�s�˜�j�z�r�œ�s	Ý

�¯�p�‹  N = 1, 2 �w�q�V�x  EXN7
1

ö! 2
ML

A �UC�„ �`�o�`�‡�M�z�-�‰�p�V�‡�d�œ  [Appendix (3)]�{

�y  �\�w�‘�O�s�Ì�z�r�w�‘�O�t  c-AIC �›�r�w�‘�O�t�‹�M�h�’�‘�M�w�p�`�•�O�T�•�¢�\�•�x�]�J�p

�b�{�£

���£���v	.
Y  Þnite corrected AIC (c-AIC)

�y AIC�x�‹	Z�w�M�t  N (  "  �q� �̀o�‹	Z� �̀o�M�”�h�Š�z��o�Ã�”�»
:�U	—
:�w	Ô�ù�t�x�–�Q�‡�d

�œ�{�\�•�t�0�b�”�0�f�›�® AIC�w���v	.
Y   c-AIC�¯�q�z�|�z�Ì� �ž�µ�4
Y�›���Š�o  criterion �›

c-AIC(M! ) = Ð2log t ! (XN�� ö!!! ML(XN)) + 
2d! áN

N ! d! ! 1
for N $ d!  + 2

�q
Y�¬�t�{�Š�‡�b  (Sugiura, 1978)�{�h�i�`�z c-AIC �x�Ž�<�t	º�p�b�”�‘�O�t�ì�S�Þ�Ã�ç�w
Y�F
Q

�q�‰�°ü�„�›�>���`�h�›	��s�Þ�Ã�ç�w	Ô�ù�t
Y�¬�t�{�Š�’�•�”�w�p�K�“�z�°`�w�Þ�Ã�ç�t�f�w

�‡�‡�&�;�p�V�”�q�M�O�˜�Z�p�x�K�“�‡�d�œ�{
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�y c-AIC(M! ) �x  N (  "  �p�x  

c-AIC(M! ) (  Ð2log t ! (XN| ö!!! ML(XN)) + 2d!  = AIC(M! )

�q�M�O�‘�O�t  AIC �t	)���`�‡�b�U�z	×�t

2Nd!

N ! d! ! 1
 Ð 2d!  =  

2d! (d! + 1)
N ! d! ! 1

 > 0

�p�K�”�\�q�t�y�™�&�M�‡�b�{�\�w�§�M�x  N �U	–�^�M�Ì�t�x�G�V�s�‹�w�t�s�“�‡�b�{���j�z N �U

	–�^�M�Ì�t  original AIC �x�Ö�Æ�ç�Â�Ÿ�”�ò  [ bias �w 2N �  = 2Nb! ; �� -�� -��£�Ž�<�€	°  ] �›�T�s�“

	–�^�X�_
u�‹�“�U�j�i�q�t�O�\�q�t�s�”�˜�Z�p�b�{�<�G�w¯�›�€�ß�t�b�”�q�˜�T�“�‡�b�U�z�™

�Ž�q�)�U�G�V�M�\�q�t�«�è� �̀o�X�i�^�M�{

[2Nb!  ¯ ] N = d+2 d+3 d+4 d+5 d+6 d+7 d+8 d+9

AIC c-AIC
d 2d 2(d+2)d (d+3)d 2(d+4)d/3 (d+5)d/2 2(d+6)d/5 (d+7)d/3 2(d+8)d/7 (d+9)d/4
2 4 16 10 8 7 6.4 6 5.7 5.5
3 6 30 18 14 12 10.8 10 9.4 9
4 8 48 28 31.3 18 16 14.7 13.7 13
5 10 70 40 30 25 22 20 18.6 17.5
6 12 96 54 40 33 28.8 26 24 22.5
7 14 126 70 51.3 42 36.4 32.7 30 28

(2Nb!  for c-AIC) = 2 (  (2Nb!  for AIC)

�� -��£
Y�FüÍ�Þ�Ã�ç

�y �\�\�p�x�z
Y�FüÍ�Þ�Ã�ç  Normal(m, &2) 

t ! (x�� ! ) = t ! (x�� m, &2) = 
1

!
2!"

exp{Ð 
1

2! 2 (x Ð m)2}

�t�S�M�o�z XN(! ) = {x1(! ), ..., xN(! )} �w��o�›�)�Q�’�•�h�Ì�w  +!  = EXN, x![logt ! (x.| ö!!! ML(XN))] �w
*��

�”�¢�7�G�0
:�ì�S�£

ö! ! (XN(! )) = 
1
N

log t ! (XN(" )�� ö!!! ML(XN(! )))

�w
*���Ì� �ž�µ  b!  = E[ ö! ! (XN)] Ð +!  �›
Y�¬�t�{�Š�o�ˆ�‡�`�•�O�{ ö!!! ML(XN) = 
!

ömML (XN)
ö! 2
ML (XN)

"

 �x�0
:�ì

�S

log t (XN�� m, &2) = 
N

!
i= 1

log t (xi �� m, &2) = Ð 
N
2

log(2%&2) Ð 
1

2! 2

N

!
i= 1

(xi Ð m)2

�›�;�M�h�ì�S�M���Ü

!
! m

log t (XN �� m, &2) = Ð 
1

! 2

N

!
i= 1

(xi Ð m) = 0
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!
! (" 2) log t ! (XN �� m, &2) =  Ð 

N
2! 2  + 

1
2! 4

N

!
i= 1

(xi Ð m)2 = 0

�w�r�p�b�w�p�z�f�•�g�•

ömML(XN) = 
1
N

N

!
i= 1

xi $ øx; ª�Š���É  

ö! 2
ML (XN) = 

1
N

N

!
i= 1

(xi Ð m̂ML(XN))2 = 
1
N

N

!
i= 1

(xi Ð øx)2 $ s2; ª�Šü�„

�q�s�“�‡�b�{�\�•�p�zª�Š���É�qª�Šü�„�w�™�¯�‹�˜�T�l�o�V�‡�b�{�b�s�˜�j�z�f�•�’�x�f�•�g

�•�<���É�S�‘�|�<ü�„�w�7�ì
*���‹�p�K�l�h�˜�Z�p�b�{
Y�FüÍ�w	Ô�ù�z ª�Š���É�q ª�Šü�„

�x�w�-�$�t� �q�p�K�”�\�q�U�˜�T�l�o�S�“  [�´�ž
•
\ , 1990]�z�\�•�’�w ª�Š���É �x
��w�Í�å�Ý�”

�»�¢�<���É�q�<ü�„�w�\�q�p�b�£�›  m*,  &* 2 �q� �̀o�zª�Š���É�x

!
N

! " (øx(! ) Ð m*) ~ Normal(0, 1)

ömML(XN(! )) = øx(! ) ~ Normal(m*, 
(! ! )2

N
)

[f( ! ) ~ üÍ�Ê  F�y�q�x�® f(! ) �U F üÍ�b�”�¯�\�q�w�™�¯�p�z�\�\�p�x

x(! ) ~ Normal(m, &2)  0   �µ�S��
:  #(x) = 
1

!
2!"

exp{Ð 
1

2! 2 (x Ð m)2}

�q�M�O�\�q�t�s�“�‡�b�{ ]

�q�M�OüÍ�t�s�“�‡�b�w�p�z

EXN[ ömML(XN)] = EXN[ øx] = m*

%XN[ ömML(XN)] = EXN[( ömML(XN) Ð m*)2] = %XN[ øx] = 
(! ! )2

N
�q�s�“�zª�Š���É�x�<���É�wÆ� 
*���‹�p�b�{

�y�°�M�pª�Šü�„�x

N
(! ! )2 s2(" ) ~ * 2

N! 1 

�q�M�OüÍ�p�b  [Appendix (3)] �w�p�z * 2
N  üÍ�w�-�‰�T�’

EXN[
N

(s⇤)2 s2] = N Ð 1 , EXN[ ö! 2
ML (XN)] = EXN[s2] = 

N ! 1
N

(&*)2 for N $ 2

%XN[
N

(! ! )2 s2] = 2(N Ð 1) , %XN[ !̂
2
ML (XN)] = %XN[s2] = 

2(N ! 1)
N2 (&*)4 for N $ 2

EXN[{
N

(! ! )2 s2} –1] = 
1

N ! 3
 , EXN[ ö! 2

ML (XN)–1] = EXN[(s2)–1] = 
N

(! ! )2 '
1

N ! 3
for N $ 4
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�q�s�“�‡�b�{ [�\�\�p�w�^�æ�p�x	O�A�p�x�K�“�‡�d�œ�U�z	Í�Ü�T�’ª�Šü�„�U�<ü�„�wÆ� 
*��

�‹�p�s�M�\�q�U�˜�T�“�‡�b�{ ] �s�S�z EXN[ ömML(XN) Ð m*)2] = 
(! ! )2

N
 �q  EXN[ ö! 2

ML (XN)–1] = 
N

(! ! )2 '
1

N ! 3
 

�x�™�p�–�M�‡�b�{

�y�^�o�‡�c�z�7�G�0
:�ì�S�x

log t ! (XN�� ö!!! ML(XN)) = Ð 
N
2

log(2%ö! 2
ML ) Ð 

1
2 ö! 2

ML

N

!
i= 1

(xi Ð ömML)2 

= Ð 
N
2

log(2%ö! 2
ML ) Ð 

1
2 ö! 2

ML
{ N ö! 2

ML } [ <Ž��ö! 2
ML  = 

1
N

N

!
i= 1

(xi Ð ömML)2]

= Ð 
N
2

{log(2%ö! 2
ML (XN)) + 1}

�q�s�“�‡�b�{

�y�Í�t  Ex![log t ! (x.�� ö!!! ML(XN))] �t�m�V�‡� �̀o�x

Ex[(x Ð ömML)2] = Ex[{(x Ð m*) + (m* Ð ömML)} 2]
= Ex[{(x Ð m*)2 + 2(x Ð m*)(m* Ð ömML) + (m* Ð ömML)2}]
= Ex[(x Ð m*)2] + 2(m* Ð ömML)Ex[x Ð m*] + (m* Ð ömML)2

= &* 2 + (m* Ð ömML)2

�U
R�“�q�j�‡�b�w�p�z

Ex![log t ! (x.�� ö!!! ML(XN))] = Ex[Ð 
1
2

log(2%ö! 2
ML ) Ð 

1
2 ö! 2

ML
(x. Ð ömML)2] 

= Ð 
1
2

log(2%ö! 2
ML ) Ð 

1
2 ö! 2

ML
Ex![(x. Ð ömML)2]

= Ð 
1
2

{log(2%ö! 2
ML ) + 

(! ! )2 + ( m! " ömML )2

ö! 2
ML

}

�U
R�q�`�‡�b�{�p�b�w�p�z
*���Ì� �ž�µ�x

b!  $ E[ ö! ! (XN)] Ð +!

= EXN7
1
N

log t ! (XN�� ö!!! ML(XN))A Ð EXN7Ex![logt ! (x.| ö!!! ML(XN))]A

= EXN7Ð 
1
2

{log(2%ö! 2
ML ) + 1}A Ð EXN7Ð 

1
2

{log(2%ö! 2
ML ) + 

(! ! )2 + ( m" ömML (XN))2

ö! ML (XN)2 } A

= 
1
2

EXN7
(! ! )2 + ( m" ömML (XN))2

ö! ML (XN)2 } A Ð 
1
2

 

= 
1
2

EXN7
1

ö! ML (XN)2
A{ &* 2 + EXN[(m Ð ömML(XN))2]}  Ð 

1
2

�y [<Ž��ª�Š���É�qª�Šü�„�x� �q ]
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= 
1
2

(
N

(! ! )2 '
1

N ! 3
2(&* 2 + 

(! ! )2

N
2 Ð 

1
2

 = 
2

N ! 3

�q�z
Y�¬�t�-�‰�p�V�‡�`�h�{�h�i�`�z N $ 4 �w	Ú�E�x�m�M�o�M�‡�b�{

�y AIC �w�Ì�w�Ö�Æ�ç�Â�Ÿ�ò  2Nb1(M! ) = 2d! �qz�±�`�‡�b�q�z  �\�j�’�x

�y 2Nb1!  = 2bN!  = 
4N

N ! 3
 = 

2Nd!

N ! d! ! 1
[!  d!  = 2]

�q�s�“�z AIC �w�Ì�w�Ö�Æ�ç�Â�Ÿ�ò�q�x�Ÿ�s�l�o�M�”�w�U�˜�T�“�‡�b�{�¢�\�\�p�x  d!  = 2 �q�{��

�^�•�h��°�w�Þ�Ã�ç�`�T�K�“�‡�d�œ�w�p�z  c-AIC �›�{�Š�‡�d�œ�p�`�h�{�£

�� -���£ Normal populations with different means

�y�� -�� -��£�w
Y�FüÍ�Þ�Ã�ç�›���É�‹�w�Ÿ�s�”� �q�s  dÐ1 �x�w
Y�FüÍ�Þ�Ã�ç�¢ü�„�x�‰

�°�£�t�¦�Á� �̀o�z
Y�¬�s  AIC (c-AIC) �›�-�‰� �̀o�ˆ�‡�`�•�O  (Sugiura, 1978)�{�\�\�p�w�Þ�Ã�ç  M!  

�w
ƒ���x�Ž�<�w�‘�O�s�‹�w�p�b�{

� �q�s  dÐ1 �x�w
Y�FüÍ   Normal(mi, &2) 1 # i # dÐ1; �p�b�T�’�z�Í�å�Ý�”�»
:�x  d = d!

!  = (m1, ..., md–1, &2)t

sampling XN = XN11 ...1 XNd–1;  XNi = {xi1, ..., xiNi}; N = 
d! 1

!
i= 1

Ni

XN = {x11, ... x1N1, ..., xi1, ... xiNi, ..., xd–1,1, ... xd–1,Nd–1}
xij(" ) ~ Normal(mi, &2)  for 1 # j # Ni

�m�‡�“�z N �x�w�¬�p�!
:�x�b�‚�o� �q�t�‰�°�wü�„  &2 �q�f�•�g�•�w���É�‹�›�Ë�j�z�f�w�O�j  Ni 

�x�c�m�U�‰�°�w���É�‹  mi �›�Ë�m�q�M�O�>���p�b�{�`�h�U�l�o�z�Þ�Ã�ç�wüÍ�µ�S�x

t ! (XN�� ! ) = !
i, j

t ! (xij�� ! ) = 
1

(
!

2!" )N

d! 1

!
i= 1

Ni

!
j= 1

exp{Ð 
1

2! 2 (xij Ð mi)2}

�p�b�w�p�z�0
:�ì�S�x

log t ! (XN�� ! ) =  Ð 
N
2

log(2%&2) Ð 
1

2! 2

d! 1

!
i= 1

Ni

!
j= 1

(xij Ð mi)2

�q�s�“�‡�b�{�7�ì�M���Ü�T�’

) k   
!

! mk
log t ! (XN �� ! ) = Ð 

1
! 2

Ni

!
j= 1

(xij Ð mi)mi = 0

!
! (" 2) log t ! (XN �� ! ) =  Ð 

N
2! 2  + 

1
2! 4

d! 1

!
i= 1

Ni

!
j= 1

(xij Ð mi)2 = 

�T�’�z�7�ì
*���‹�q�7�G�0
:�ì�S�x
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ömi,ML(XN) = 
1
Ni

Ni

!
j= 1

xij = øxi  [ª�Š���É ]

ö! 2
ML(XN) = 

1
N

d! 1

!
i= 1

Ni

!
j= 1

(xij Ð ömi,ML(XN))2 = 
1
N

d! 1

!
i= 1

Ni

!
j= 1

(xij Ð øxi)2 = 
1
N

d! 1

!
i= 1

Nisi
2�y [si

2 = 
1
Ni

Ni

!
j= 1

(xij Ð øxi)2 ª�Šü�„ ]

log t ! (XN �� ö!!! ML(XN)) = Ð 
N
2

log(2%ö! 2
ML (XN)) Ð 

1
2 ö! 2

ML (XN)

d! 1

!
i= 1

Ni

!
j= 1

(xij Ð ömi,ML(XN))2 

= Ð 
N
2

log(2%ö! 2
ML (XN)) Ð 

N
2

 = Ð 
N
2

{log(2%ö! 2
ML (XN)) + 1}

�q�M�O�\�q�t�s�“�‡�b�{�\�\�p�z�‰�a�±� �¶�w	•�R�w�±�ï�Ó�æ�ï�¬  X.N(" .) �›�ß�Q�‡�b�q

logt ! (X.N| ö!!! ML(XN)) = Ð 
N
2

log(2%ö! 2
ML (XN)) Ð 

1
2 ö! 2

ML (XN)

d! 1

!
i= 1

Ni

!
j= 1

(x.ij Ð ömi,ML(XN))2 

EX!N[logt ! (X.N| ö!!! ML(XN))] = EX!N[Ð 
N
2

log(2%ö! 2
ML (XN)) Ð 

1
2 ö! 2

ML (XN)

d! 1

!
i= 1

Ni

!
j= 1

(x.ij Ð ömi,ML(XN))2]

= Ð 
N
2

log(2%ö! 2
ML (XN)) Ð 

1
2 ö! 2

ML (XN)

d! 1

!
i= 1

Ni

!
j= 1

EX!N[(x.ij Ð øxi )2]

�›�ß�€� �̀o�z

+!  = 
1
N

EXN7EX!N[logt ! (X.N| ö!!! ML(XN))]A

ö! ! (XN(" )) = 
1
N

log t ! (XN�� ö!!! ML(XN(" )))

�t�h�M� �̀o�z
*���Ì� �ž�µ  b!  $ bN(M! ) �x

bN(M! ) $ NE[ ö! ! (XN)] Ð N+!

= EXN7log t ! (XN�� ö!!! ML(XN))A Ð EXN7EX!N[Ðlogt ! (X.N| ö!!! ML(XN))]A

= Ð EXN7
N
2

{log(2%ö! 2
ML (XN)) + 1}A Ð EXN7Ð 

N
2

log(2%ö! 2
ML (XN)) Ð 

1
2 ö! 2

ML (XN)

d! 1

!
i= 1

Ni

!
j= 1

EX!N[(x.ij Ð øxi )2]A

= EXN7
1

2 ö! 2
ML (XN)

d! 1

!
i= 1

Ni

!
j= 1

EX!N[(x.ij Ð øxi )2]A Ð 
N
2

= 
1
2

EXN7
1

ö! 2
ML (XN)

A
d! 1

!
i= 1

Ni

!
j= 1

EXN7EX!N[(x.ij Ð øxi )2]A Ð 
N
2 �y

[ øxi  = ömi,ML(XN) �q  ö! 2
ML (XN)  �x� �q ]

�q�p�V�‡�b�{�f�\�p�z

EXN7EX!N[(x.ij Ð øxi )2]A = EX!N[(x.ij Ð mi* )2] + EXN7( øxi  Ð mi*) 2A = (&*) 2 + 
1
Ni

(&*) 2
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d! 1

!
i= 1

Ni

!
j= 1

EXN7EX!N[(x.ij Ð øxi )2]A = 
d! 1

!
i= 1

Ni

!
j= 1

{( &*) 2 + 
1
Ni

(&*) 2} = (&*) 2

d! 1

!
i= 1

{ Ni +1} = (&*) 2(N + d Ð 1)

�p�b�{�‡�h�z�¤æüª�Š  XNi �›�ß�Q�h�Ì�t�x�z�\�w�¤�w�±�ï�Ó�ç�x  Normal(mi, (&*) 2) �t	H�O�w

�p�z

 

Ni

(! ! )2 si
2 = 

1
(! ! )2

Ni

!
j= 1

(xij Ð øxi )2 ~ *
2
Ni Ð1

�q�s�“�‡�b�U�z ) �Ë	ÐüÍ�t�x�6
\
Q  [* 2
N  + * 2

M
 = * 2

N+ M ] �U�K�“�‡�b�w�p�z�\�w�è�x�×���S

d! 1

!
i= 1

(Ni Ð 1) = N Ð (d Ð 1) = N Ð d + 1 

�w) �Ë	ÐüÍ�t�`�h�U�O�z�b�s�˜�j

d! 1

!
i= 1  

Ni

(! ! )2 si
2 ~ * 2

N! d+ 1

�p� �̀o�z
N

(! ! )2
ö! 2
ML (XN) =  

1
(! ! )2

d! 1

!
i= 1

Ni

!
j= 1

(xij Ð øxi )2 = 
d! 1

!
i= 1  

Ni

(! ! )2 si
2 �p�`�h�w�p�z�A�Á

N
(! ! )2

ö! 2
ML (XN) ~ * 2

N! d+ 1

�p�K�“�z

EXN[
N

(! ! )2
ö! 2
ML (XN)] = 

d! 1

!
i= 1

EXN[
Ni

(! ! )2 si
2] = 

d! 1

!
i= 1

(Ni Ð 1) = N Ð d + 1

EXN[ ö! 2
ML (XN)] = 

N ! d+ 1
N

(&*)2 for N $ d

EXN[{
N

(! ! )2
ö! 2
ML (XN)} –1] = 

1
N ! d ! 1

EXN7
1

ö! 2
ML (XN)

A = 
N

(! ! )2
1

N ! d ! 1
for N $ d+2

�U
R�q�`�‡�b  [Appendix (3)]�{�f�w�A�L�z�Ì� �ž�µ�x

bN(M! ) = 
1
2

EXN7
1

ö! 2
ML (XN)

A
d! 1

!
i= 1

Ni

!
j= 1

EXN7EX!N[(x.ij Ð øxi )2]A Ð 
N
2

= Ð 
1
2

N
(! ! )2

1
N ! d ! 1

(&*) 2(N + d Ð 1) Ð 
N
2

 

= 
dáN

N ! d ! 1

�q�-�‰�^�•�‡�b�{  �`�h�U�l�o�z N+!  = EXN7EX!N[Ðlogt ! (X.N| ö!!! ML(XN))]A �wÆ� 
*���”�›
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N ö! ! (XN(" )) Ð bN(M! ) = log t ! (XN(" )�� ö!!! ML(XN(" ))) Ð bN(M! ) = log t ! (XN(" )�� ö!!! ML(XN(" ))) Ð 
dáN

N ! d ! 1

�q�p�V�‡� �̀o�z XN(" ) = XN �w
*���‹�t  Ð2 �›	Ð�a�o  c-AIC �U

c-AIC(M! ) = Ð2log t ! (XN�� ö!!! ML(XN)) + 
2dáN

N ! d ! 1
 = N{log(2%ö! 2

ML (XN)) + 1} + 
2dáN

N ! d ! 1

�q
Y�¬�t�{�‡�“�‡�`�h�{

�y�`�T�`�z�\�w  c-AIC �x�\�\�p�w
Y�F
Q�›�>���`�h�w�-�Þ�Ã�ç�t	H�l�o�-�‰�^�•�h�‹�w�p�K

�“�z�°`�=�x�^�•�‡�d�œ�{�‡�h�z�-�‰	Í�z N $ d+2�›�>��� �̀o�M�”�\�q�t�‹�y�™�b�‚�V�p�b�{

AIC �s�r�p  2 �›	Ð�a�o�M�”�g���x�z�f�O�b�”�q  1/2 �U	«�d�o�z�ì�S  (�w��� ) �U 

N{log(2%ö! 2
ML (XN)) + 1} �q�p�V�”�q�\�–�t�K�“�‡�b�{ 1/2 �w	Z	t�x
Y�FüÍ�w��
:�t�K�” square 

root �w�0
:�p�K�“�z exp �w�^�w�¤�w  1/2 �s�w�i�q�M�O�q�\�–�t�‹�>�n�M�o�M�h�i�Z�h�’�¾�M�p

�b�{

�� -���£ Linear regression model

�y�\�\�p�w�Þ�Ã�ç�x
Y�F
¢���s�<�Þ�Ã�ç�p�K�“�z�‘�X�–�˜�•�”�Þ�Ã�ç�p�b�w�p�\�w  c-AIC �w��

�;
Q�x�ô�M�p�`�•�O�{�‡�h�z
��w�Í�å�Ý�”�»  ! * �U�Þ�Ã�ç  M!  = {t ! (y, ÷xxx�� ! ); !  !  ! !  "  Rd(! )} �w�¤�t

���‡�•�o�M�”�\�q�›
²���t�`�‡�b  [, ! * #(y, ÷xxx) = t ! (y, ÷xxx| ! *) �q�M�O�\�q�p�b ]�{

�y
Y�F
¢���s�<�Þ�Ã�ç  M! �p�x

dÐ1�Í�w
†�Ì�!
:�¢
ƒ���!
:�z� �q�!
:�z�ž�!�”�£ ÷xk!(! ) $ (xk1(! ), ..., xk,d–1(! )), 1 # k # N

[�\�\�p�w  tilde ~ �x�æ�Õ�«�Ä�ç�›�™�¯�`�‡�b�{ ]

N �s�w� �q�s����Ã�”�»  XN(! ) $ 

!

"
#

÷x1á(! )
...

÷xNá(! )

$

%
&; N( (dÐ1) �æ�»

�U�)�Q�’�•�‡�b  [�\�\�p�x�z�\�•�‡�p�w�Ã�”�»�·�¿�Ä XN(! ) = {x1(! ), ..., xN(! )} �s�q�x�Ÿ�s�“�z�æ

�»�t�s�l�o�M�”�\�q�t�y�™�&�M�‡�b ]�{�Ž	Í�w�>���T�’�z�¤
†�Ì�!
:  xij(! ) �x�“�M�t� �q�p�K�”

�\�q�t�s�“�‡�b�{�‡�h�\�\�p�z (dÐ1)( (dÐ1) matrix XN
t'XN �t�m�M�o

XN
t'XN = axijk

t

'axijk= a
N

!
k= 1

xkixkjk = 
N

!
k= 1

÷xxxk!
t' ÷xxxk!

�U
R�“�q�j�‡�b  [�K�q�p�–�M�‡�b ]�{
Y�F
¢���s�<�Þ�Ã�ç�p�x�^�’�t

�è�$�!
:�¢ƒ
†�Ì�!
:�z����Õ�«�Ä�ç�£  y(" ) = 

!

"
#

y1(! )
...

yN(! )

$

%
&



34

�Í�å�Ý�”�»  !  = 

!
bbb

! 2

"

 !  ! !  "  Rd, b = 

!

"
#

b1
...

bd! 1

$

%
&  ;  �Í�å�Ý�”�»
:  d = d!  $ 2

�Ê� �¶  ! (! ) = 

!

"
#

! 1(" )
...

! N(" )

$

%
& ;  ! (! ) ~ Normal(0, &2IN) ;  �`�h�U�l�o  ! (! ) �w�¤�ò�x�“�M�t� �q

�s�›
ƒ���`�z
¢���s�<�Ü

y(! ) = XN(! )b + ! (! ) ;  �¤��o�Ã�”�»�–�t�x   yi(! ) = ÷xi!(! )b + *i(! )

�›�ß�Q�‡�b�{�p�b�w�p�z�ì�S�x  yi(! ) Ð ÷xi!(! )b ~ Normal(0, &2) �wüÍ�T�’

  t ! (y, XN| ! ) =  t ! (y, XN| b, &2) = 
N

!
i= 1

t ! (yi, ÷xxxi!|b, &2) = 
N

!
i= 1

1
!

2!"
exp{Ð 

1
2! 2 (yi Ð ÷xxxi!b)2}

= 
1

(
!

2!" )N
exp{Ð 

1
2! 2

N

!
i= 1

(yi Ð ÷xxxi!b)2} = 
1

(
!

2!" )N
exp(Ð 

1
2! 2 #y Ð XNb#2)

�q¯�q�^�•�‡�b�{�\�w�Í�å�Ý�”�»
ƒ���p�x�z d �x�w�Í�å�Ý�”�»  {b1, ..., bd–1, &2} �›�;�M�o�M�‡�b�{

�\�w�O�j�z�7�G�0
:�ì�S�›�(�“�X�q�^�c�t�z bi �›�_�l�o�M�l�o	–�^�s  d �›�q�“�z�7	–�w  c-AIC 

�t�s�”�Í�å�Ý�”�»�·�¿�Ä�›�{�Š�”�\�q�U�Þ�Ã�ç
¬�R�w�A�–�t�s�“�‡�b�{�‡�h�z�×
µ�s�>���q�`

�o�z
†�Ì�!
:  XN(! ) �q  (
†�Ì�!
:�T�’�è�$�!
:  y(! ) �U	Z�”�Ì�t�C�˜�” )�Ê� �¶  ! (! ) �x�w�-�$�t� 

�q�q�ˆ�s�^�•�‡�b�{  XN(! ) �t�x�z rank XN(! ) = dÐ1 �Ž�Ž�tüÍ�w	��¨�s�r�w�>���x�A�“�‡�d�œ�{

�y�^�’�t�\�w�Þ�Ã�ç  t ! (y, XN| ! ), !  = 

!
bbb

! 2

"

 !  ! !  "  Rd �t�x
��w�Þ�Ã�ç  ! * = 

!
bbb!

(! ! )2

"

 �‹���‡�•�o�M

�”�q�>��� �̀o�z�f�•�›
��w�¬�püÍ

#(y, ÷xxx) = t ! (y, ÷xxx| ! *) = 
1

!
2!" "

exp{Ð 
1

2(! ! )2(y Ð ÷xxxb*) 2} ;  ÷xxx, 1( (dÐ1) vector

! (! ) ~ Normal(0, (&*) 2IN) ;  %![! ] = E![!! t] = (&*) 2IN

�q� �̀o�S�V�‡�b�{�\�\�pÇ�Z�C�Q�o�t�l�q�V�‡�b�q�8�4�‹  E[...] �›�q�”�Ì�x�\�w
��w�¬�püÍ  

#(y, ÷xxx) �t�m�M�o�w�8�4�‹  E" [...] �›�q�l�o�M�”�\�q�›�¬�Ý�&�M�‡�b�{�‡�h�z
��w
¢���s�<�Ü

y(! ) = XN(" )b* + ! (! )
�T�’�z (XN(" ), y(! )) �›�)�Q�’�•�”�\�q�q  (XN(! ), ! (! )) �›�)�Q�’�•�”�\�q�x�‰�‹�p�K�”�\�q�›�¦

� � �̀o�S�V�‡�`�•�O�{�`�h�U�l�o  �°`�w�¬�p�!
:  f(! ) �t�0� �̀o

EXN,y[f] = EXN,! [f]
�U
R�q�`�‡�b�{ XN(! ) �q  ! (! )�U� �q�p�b�w�p�È�%�w�8�4�‹�w�M�U�–�M�›�X�s�“�‡�b�{
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�y�ì�S�U  t ! (y, XN| ! ) = 
1

(
!

2!" )N
exp(Ð 

1
2! 2 #y Ð XNb#2) �p�`�h�w�p�z�0
:�ì�S  

log t ! (y, XN| ! ) = Ð 
N
2

log(2%&2) Ð 
1

2! 2 #y Ð XNb#2

�›�;�M�h�ì�S�M���Ü�x

!
! bbbt log t ! (y, XN| ! ) = 

1
! 2 XN

t'(y Ð XNb) = 0

!
! (" 2) log t ! (y, XN| ! ) =  Ð 

N
2! 2  + 

1
2! 4 #y Ð XNb#2 = 0

�q�s�“�z�\�w�M���Ü�w�r�U�7�ì
*���”  ö!!! ML �p�b�w�p�z  ö!!! ML(y, XN) = 

! öbbbML (yyy,XN)
ö! 2
ML (yyy,XN)

"

 �x

XN
t'(y Ð XNöbbbML) = 0

Ð N + 
1

ö! 2
ML

#y Ð XNöbbbML#2 = 0

�›�¬�h�`�z

öbbbML = öbbbML(y, XN) = (XN
t'XN)–1XN

t'y

ö! 2
ML = ö! 2

ML(y, XN) = 
1
N

#y Ð XNöbbbML(y, XN)#2 = 
1
N

#y Ð XN(XN
t'XN)–1XN

t'y#2 = 
1
N

yt'{ IN Ð XN(XN
t'XN)–1XN

t} 2y

�q�˜�’�•�‡�b�{�h�i�`  (dÐ1) (  (dÐ1) �æ�» XN
t'XN �U
Y���p�K�”�\�q�z�b�s�˜�j  rank XN = dÐ1 �p�K

�”  [ž
µ�$�t  N $ dÐ1] �\�q�›�>��� �̀o�M�‡�b�{

�� -�� -��£�Í�å�Ý�”�»�w�7�ì
*���”�w�w�-�$
Q�í

�y�\�\�p�‡�c�z öbbbML �q  ö! 2
ML �w
Q�í�›�Ð�‚�o�ˆ�‡�`�•�O�{
��î�x�z y = XNb* + " �p�b�w�p�z

öbbbML(y, XN) = (XN
t'XN)–1XN

t'y = (XN
t'XN)–1XN

t'(XNb* + ") = b* + (XN
t'XN)–1XN

t'"  $ öbbbML(", XN)
öbbbML(! (! ), XN(! )) = b* + (XN(! )t'XN(! ))–1XN(! )t'! (! )

�q�s�“�‡�b�{ ! (! ) �q  XN(! ) �x� �q�p�b�w�p�z�Ž�<�p�x  XN(! ) = XN �x�)�Q�’�•�h�q� �̀o  ! (! ) �w�ˆ

�›�¬�p�!
:�q� �̀o	��“�{�l�o�M�V�‡�b�{�‡�c öbbbML(! (! ), XN) �x
Y�FüÍ�w
¢���!�õ�s�w�p�•�x�“
Y

�FüÍ�q�s�“�‡� �̀o

E![ öbbbML(! , XN)] = b* + (XN
t'XN)–1XN

t'E! [! ] = b* [ !  E! [! ] = 0]

%![öbbbML(! , XN)] $ E! [(öbbbML(! , XN) Ð b*)( öbbbML(! , XN) Ð b*) t] 
= {(XN

t'XN)–1XN
t}%![! ]{ (XN

t'XN)–1XN
t} t

= (&*) 2(XN
t'XN)–1 [!  %![! ] = (&*) 2IN]

�b�s�˜�j�z

öbbbML(! (! ), XN) ~ Normal(b*, (&*) 2(XN
t'XN)–1)
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�q�M�OüÍ�›�q�”�\�q�t�s�“�‡�b�{

�y�°�M�z ö! 2
ML(! (! ), XN) �t�m�V�‡� �̀o�‹  y(! ) = XNb* + ! (! ) �›�E�Ö�`�‡�b�q

ö! 2
ML(y(! ), XN) = 

1
N

#{ IN Ð XN(XN
t'XN)–1XN

t} y(! )#2

= 
1
N

#{ IN Ð XN(XN
t'XN)–1XN

t} {XNb* + ! (! )}#2

= 
1
N

#{ XNb* Ð XN(XN
t'XN)–1XN

tXNb*}+ { IN Ð XN(XN
t'XN)–1XN

t} ! (! )#2

= 
1
N

#{ IN Ð XN(XN
t'XN)–1XN

t} ! (! )#2 $ ö! 2
ML (! (! ), XN)

�q�!���p�V�‡�b�{

�y�\�\�p�z P(XN) $ XN(XN
t'XN)–1XN

t,  Q(XN) $ IN Ð P(XN) �q���[�`�‡�b�q�z

P(XN)2 = P(XN) Q(XN)2 = Q(XN)
P(XN) + Q(XN) = IN P(XN)Q(XN) = O

�›�¬�h�`�z P(XN) �q  Q(XN) �x�ù�è�^�;
É�q�z�y�•�‡�b�{�2�?�¶�$�t�ß�Q�‡�b�q�z N�Í�i�í���w�A


É ! (! ) �t�^�;�`�h�Ì�t�z P(XN)! (! ), Q(XN)! (! ) �x�f�•�g�•  N �Í�i�Õ�«�Ä�ç�s�w�p�b�U�z

P(XN)! (! ) �xæü�í��  P(XN)RN $ {P(XN)"# " !  RN} 2  RN (�î�®�Í�i  = dÐ1)�t

Q(XN)! (! ) �xæü�í��  Q(XN)RN (�î�®�Í�i  = N Ð (dÐ1))�t

�ù�è�^�•�‡�b�{�^�’�t  P(XN)Q(XN) = O �p�b�T�’�z P(XN)! (! ) �q  Q(XN)! (! ) �w���b�”æü�í���x�“

�M�t�Ú�¦�`�‡�b�w�p�z RN �x  P(XN) �q  Q(XN) �t�‘�“

RN = P(XN)RN 3  Q(XN)RN

�q�Ú�èü�r�^�•�‡�b�{�í���U�Ú�¦� �̀o�M�‡�b�w�p�z�Ú�™�w�¬�p�Õ�«�Ä�ç  ! (! ) �t�0� �̀o  P(XN)! (! ) 

�q Q(XN)! (! ) �x�w�-�$�t� �q�t�s�“�‡�b�{�7�™�t�z

P(XN)t = P(XN) Q(XN)t = Q(XN)

�q�0	¶�æ�»�t�‹�s�l�o�M�o

P(XN)XN = XN(XN
t'XN)–1XN

tXN = XN

Q(XN)XN = (IN Ð P(XN))XN = XN Ð XN = O [-  Q(XN)–1 �x���O�`�‡�d�œ ]

�‹
R�q�b�”�\�q�›�¦� � �̀o�S�V�‡�`�•�O�{

�y�^�o�‹�q�t�‹�r�l�o�z�\�w�ù�è�^�;
É  P(XN), Q(XN) �›�;�M�‡�b�q�z�Ú�™�w  XN �t�m�M�o

XN(öbbbML(! (! ), XN) Ð b*) = P(XN)! (! ) 

ö! 2
ML(! (" ), XN) = 

1
N

#Q(XN)! (" )#2

#! (" )#2 = #P(XN)! (" )#2 + #Q(XN)! (" )#2



37

�s�U
R�q�`�‡�b�{�‘�X�Œ�’�•�o�M�”�‘�O�t�z� �q�sª	j
Y�FüÍ�w���M�è�x  *  �×	ÐüÍ�t�s�“

�‡�b  [Appendix (3)] �w�p�z
!!! (" )
# !  ~ Normal(0, IN) �t�0� �̀o

|!!! (" )
# ! |2 = 

N

!
i= 1

c
! i (" )
# ! m

2
  ~ * 2

N = {Normal(0, 1)}2 + ... + {Normal(0, 1)}2 [N �x�w�è ]

�U
R�“�q�j�‡�b�{�^�’�t�z
!!! (" )
# !  ~ Normal(0, IN) �q�Ú�™�w rank XN = dÐ1 �›�¬�h�b  N( (dÐ1) �æ�» XN 

�t�0� �̀o�z (XN
t'XN)–1/2XN

t
!!! (" )
# !  �x  (dÐ1)( 1 �Õ�«�Ä�ç�p�K�”�\�q�t�y�™� �̀m�m�z

 (XN
t'XN)–1/2XN

t
!!! (" )
# !

   ~ Normal(0, {(XN
t'XN)–1/2XN

t} IN{( XN
t'XN)–1/2XN

t} t) = Normal(0, Id–1) 

�U
R�q�`�‡�b  [(XN
t'XN)–1/2 �w���O�x  XN

t'XN > 0, �b�s�˜�j  )  (dÐ1)( 1 vector b & 0  bt'XN
t'XNb = #XNb#2 > 0 

�‘�“�Ì�’�T ]�{�`�h�U�l�o�z

1
(! ! )2 #P(XN)! (" )#2 = c

!!! (" )
# ! m

t
'XN(XN

t'XN)–1XN
t'
!!! (" )
# !  

= #(XN
t'XN)–1/2XN

t'
!!! (" )
# ! #2  

~ * 2
d! 1

�U�t�Q�‡�b�{���M�p�z

1
(! ! )2 #Q(XN)! (" )#2 + 

1
(! ! )2 #P(XN)! (" )#2 = 

1
(! ! )2 #! (" )#2

�p�b�w�p  (
1

(! ! )2 #Q(XN)! (" )#2 �wüÍ ) + * 2
d! 1 = * 2

N  �q�s�“�z
1

(! ! )2 #Q(XN)! (" )#2 �‹  *  �×	ÐüÍ�›�q�”�`

�T�K�“�‡�d�œ�{�f�•�›  * 2
!
 �q�`�‡�b�q�z�“�M�t� �q�s  )  �×	ÐüÍ  

1
(! ! )2 #P(XN)! (! )#2 �q

 
1

(! ! )2 #Q(XN)! (" )#2 �w�è�t�‘�”  )  �×	ÐüÍ�t�m�M�o�z )  �×	ÐüÍ�w�6
\
Q�T�’

* 2
!
 + * 2

d! 1 = * 2
N  , + + (dÐ1) = N

 

�U
R�q�`�z�A�Á  ö! 2
ML (" ) �wüÍ�t�m�M�o

N
(! ! )2

ö! 2
ML(! (" ), XN) = 

1
(! ! )2#Q(XN)! (" )#2 ~  * 2

N! d+ 1

�q�M�O�\�q�U�A�æ�^�•�‡�b�{�f�O�`�‡�b�q�z  )  �×	ÐüÍ�w
Q�í [Appendix (3) ] �t�‘�“

E! [
N

(! ! )2 ö! 2
ML(! , XN)] = N Ð d + 1 ;  E! [ ö! 2

ML(! , XN)] = 
(! ! )2

N
(N Ð d + 1)
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%![
N

(! ! )2 ö! 2
ML(! , XN)] = 2(N Ð d + 1) ;   %![ ö! 2

ML(! , XN)] = 
2(! ! )4

N2
(N Ð d + 1)

E!7c
N

(! ! )2 ö! 2
ML(! , XN)m

–1

A = 
1

(N ! d+ 1) ! 2
 = 

1
N ! d ! 1 

;  E!7
1

ö! 2
ML (""" ,XN)

A = 
1

(! ! )2

N
N ! d ! 1

�U�-�‰�p�V�‡�b�{�s�S�z�7�™�w�æ�p�x  E!7c
N

(! ! )2 ö! 2
ML(! , XN)m

–1

A  �UC�„� �̀o�`�‡�M�‡�b�w�p�z

N $ d + 2  �U�>���^�•�o�M�‡�b�{

�y�^�’�t	Í�Ü�w�È�%�U  XN �q�Á�����t�s�“�‡�`�h�w�p�z

Ey,XN
[ ... ] = E! ,XN

[ ... ] = EXN
[E! [...]] = E![...]

�«�Q�y

Ey,XN
[

1
ö! 2
ML (""" ,XN)

]= E! ,XN
[

1
ö! 2
ML (""" ,XN)

]= EXN
[E! [

1
ö! 2
ML (""" ,XN)

]]= EXN
[

1
(! ! )2

N
N ! d ! 1

]=
1

(! ! )2

N
N ! d ! 1

�U
R�q�b�”�\�q�‹�¦� � �̀o�S�V�‡�`�•�O�{�s�S  Ey,XN
[...] �x  y(! ) �U XN(! ) �q� �q�p�x�s�M�w�p�z


~�“�m�d�‡�d�œ�U�z Ey,XN
[...] �q�‰�‹�s  E! ,XN

[ ... ] �q�b�•�y�z  ! (! ) �U XN(! ) �q� �q�p�b�w�p�z E![...] 

�x  EXN
[...] �T�’
~�“�m�d�‡�b�{

�� -�� -���£�Ì� �ž�µ�w�‰	Z

�y�\�\�‡�p  öbbbML(! (! ), XN) �q  ö! 2
ML(! (! ), XN) �w�w�-�$
Q�í�›�s�l�o�V�‡�`�h�U�z
*���Ì� �ž�µ  

Ey,XN[ ö! ! (y, XN)] Ð +!  �w�‰	Z�t�í�“�‡�`�•�O�{�7�ì
*���‹  ö!!! ML(y, XN) �U�{�‡�l�o�M�‡�`�h�w�p�z�f

�w�Ì�w�7�G�0
:�ì�S  (�b�s�˜�j
*���‹  ö! (y, XN) �w N � ) �x

log t ! (y, XN| ö!!! ML(y, XN)) = Ð 
N
2

log(2%ö! 2
ML (y, XN)) Ð 

1
2 ö! 2

ML
#y Ð XNöbbbML(y, XN)#2

= Ð 
N
2

log(2%ö! 2
ML (y, XN)) Ð 

1
2 ö! 2

ML
Nö! 2

ML (y, XN)         [<Ž��ö! 2
ML  = 

1
N

#y Ð XNöbbbML#2]

= Ð 
N
2

{log(2%ö! 2
ML (y, XN)) + 1}

�q�-�‰�^�•�‡�b  [�‹�O�>�n�T�•�h�q�¥�M�‡�b�U�zü�„�U�É�°�s
Y�FüÍ�Þ�Ã�ç�w	Ô�ù�z�7�G�0
:

�ì�S�xž�c�\�w�Ü�t�s�“�‡�b ]�{

�y�°�M�p�7�ì
*���`�h�Þ�Ã�ç�›�;�M�o�z	•�R�w	ý�h�s����Ã�”�»  ÷x.(" .) = ÷xxx., y(" .) = y. �t�0� �̀o

�ì�S�w�'���›�`�‡�b�q

t ! (y., ÷xxx.�� ö!!! ML(y, XN)) = 
1

!
2! ö" ML

exp(Ð 
1

2 ö! 2
ML

(y. Ð ÷xxx.öbbbML)2)
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log t ! (y., ÷xxx.�� ö!!! ML(y, XN)) = Ð 
1
2

log(2%ö! 2
ML ) Ð 

1
2 ö! 2

ML
(÷xxx.b* + &. Ð ÷xxx.öbbbML)2 [y. = ÷xxx.b* + &.]

= Ð
1
2

{log(2%ö! 2
ML ) + 

1
ö! 2
ML

(÷xxx.(b* Ð öbbbML) + &.)2}

�q�s�“�z�f�w�8�4�‹�›	��“�‡�b�q

Ey!,÷x![log t ! (y., ÷x.�� ö!!! ML(y, XN))] = 
1
2

E$!,÷x!=Ðlog(2%ö! 2
ML) + 

1
ö! 2
ML

{ ÷x.(b* Ð öbbbML) + *.} 2G

= Ð 
1
2

log(2%ö! 2
ML) Ð 

1
2

1
ö! 2
ML

E$!,÷x![{ ÷x.(b* Ð öbbbML) + *.} 2]

= Ð 
1
2

log(2%ö! 2
ML) Ð 

1
2

1
ö! 2
ML

%E÷x![{ ÷x.(b* Ð öbbbML)} 2] + E$![&.2]/

= Ð 
1
2

log(2%ö! 2
ML) Ð 

1
2

1
ö! 2
ML

%E÷x![{ ÷x.(b* Ð öbbbML)} 2] + (&*)2/

�p�b�w�p�z +!  $ Ey,XN,y!,÷x![log t ! (y., ÷x.�� ö!!! ML(y, XN))] �w
*���” �¢�7�G�0
:�ì�S�w  
1
N

�£

ö! ! (y(" ), XN(" )) = 
1
N

log t ! (y(" ), XN(" )�� ö!!! ML(y(" ), XN(" )))

�w�‹�m �Ì� �ž�µ �x

b!  = Ey,XN[ ö! ! (y, XN)] Ð +!

= Ey,XN7
1
N

log t ! (y, XN�� ö!!! ML(y, XN))A Ð Ey,XN7Ey!,÷x![logt ! (y., ÷x. �� ö!!! ML(y, XN))]A

= Ey,XN7Ð 
1
2

{log(2%
ö! 2

ML) + 1}A Ð 
1
2

Ey,XN7Ð log(2%
ö! 2

ML) Ð 
1

ö! 2
ML (y,XN)

%E÷x![{ ÷x.(b* Ð öbbbML(y, XN))} 2] + (&*)2/A

= 
1
2

Ey,XN7
1

ö! 2
ML (y,XN)

%E÷x![{ ÷x.(öbbbML(y, XN)) Ð b*)} 2] + (&*)2/ A Ð 
1
2

= 
1
2

%E÷x![ ÷x.E! ,XN7
( öbbbML (!!! ,XN)Ðbbb! )( öbbbML (!!! ,XN)Ðbbb! )t

ö" 2
ML (!!! ,XN)

A÷x.t] + E! ,XN7
1

ö! 2
ML (""" ,XN)

A(&*)2/  Ð 
1
2

= 
1
2

%E÷x![ ÷x.E! ,XN7
( öbbbML (!!! ,XN)Ðbbb! )( öbbbML (!!! ,XN)Ðbbb! )t

ö" 2
ML (!!! ,XN)

A÷x.t] + 
N

(! ! )2
1

N ! d ! 1
'(&*)2/  Ð 

1
2

= 
1
2

%E÷x![ ÷x.E! ,XN7
( öbbbML (!!! ,XN)Ðbbb! )( öbbbML (!!! ,XN)Ðbbb! )t

ö" 2
ML (!!! ,XN)

A÷x.t] + 
N

N ! d ! 1
/  Ð 

1
2
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�q�s�“�‡�b�{�f�\�p�K�q�z�-�‰�`�s�X�o�x�s�’�s�M�w�x  E! ,XN7
( öbbbML (!!! ,XN)Ðbbb! )( öbbbML (!!! ,XN)Ðbbb! )t

ö" 2
ML (!!! ,XN)

A �p

�b�U�z XN(! ) �q  ! (! ) �x� �q�p�b�w�p�z�‡�c  XN(! ) = XN �q�{��� �̀o  ! (! ) �w�8�4�‹�›�q�”�\�q�›�ß

�Q�‡�`�•�O�{ XN �w�(�o�æ�»�›  XN
_
 [XN

_
XN = Id–1] �q�`�‡�b�q�z	Í�G �� -�� -��£ �p	\�‚�h�\�q�T�’

öbbbML(! (! ), XN) Ð b* = (XN
t'XN)–1XN

t'! (! ) = XN

_
P(XN)! (! )

ö! 2
ML(! (" ), XN) = 

1
N

#Q(XN)! (! )#2

�U
R�q� �̀o�M�‡�`�h�w�p�z

E!7
( öbbbML (!!! ,XN)Ðbbb! )( öbbbML (!!! ,XN)Ðbbb! )t

ö" 2
ML (!!! ,XN)

A = NXN

_
E!7

P(XN)!!!!!! tP(XN)t

|Q(XN)!!! |2
A(XN

–)t

�q�p�V�‡�b�{�^�’�t  P(XN) $ XN(XN
t'XN)–1XN

t �q  Q(XN) $ IN Ð P(XN) �x�“�M�t�Ú�¦�b�”�ù�è�^�;
É�p�`

�h�T�’�z P(XN)! (! ) �q  Q(XN)! (! ) �x�w�-�$�t� �q�t�s�“�‡� �̀o�z

(	Í�Ü ) = NXN

_
E![P(XN)! { P(XN)! } t]E! [

1
|Q(XN)!!! |2

](XN
–)t

= NXN

_
P(XN)E![!! t]P(XN)t

1
(! ! )2

1
N ! d ! 1

(XN
–)t [!  E!7

1
|Q(XN)!!! |2

A = 
1

(! ! )2

1
N ! d ! 1

]

= 
N

N ! d ! 1
XN

_
P(XN)(&*) 2INP(XN)t

1
(! ! )2(XN

–)t [!  E! [!! t] = (&*) 2IN]

= 
N

N ! d ! 1
XN

_
P(XN)(XN

–)t [!  P(XN)P(XN)t = P(XN)2 = P(XN)]

= 
N

N ! d ! 1
(XN

t'XN)–1 [!  P(XN) = XN(XN
t'XN)–1XN

t]

�q�p�V�‡�b�{�\�\�p�z�~�Š�o  XN(! ) �t���b�”�8�4�‹�›�q�•�y

E! ,XN7
( öbbbML (!!! ,XN)Ðbbb! )( öbbbML (!!! ,XN)Ðbbb! )t

ö" 2
ML (!!! ,XN)

A = 
N

N ! d ! 1
EXN7(XN

t'XN)–1A

�U�{�‡�“�‡�`�h�{�\�•�›�Ì� �ž�µ�w�Ü�t�‹�r�`�‡�b�q�z

b!  = 
1
2

N
N ! d ! 1

%E÷x![ ÷x.EXN7(XN
t'XN)–1A÷x.t] + 1/  Ð 

1
2

= 
1
2

N
N ! d ! 1

%trace{EXN7(XN
t'XN)–1AE÷x![ ÷x.t' ÷x.]} + 1/  Ð 

1
2

[!  trace{Ax'xt} = xt'Ax]

= 
1
2

N
N ! d ! 1

%trace{EXN7(XN
t'XN)–1AE÷x[ ÷xt' ÷x]} + 1/  Ð 

1
2

�q�p�V�‡�b�{

�y�^�o�z���v	.
Y�w	��«�tS�`�‡�b�Z�•�r�‹�z�‹�` N �U	Gü�G�V�Z�•�y�z�G
:�w�O���t�‘�“
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1
N

XN(! )t'XN(! ) = 
1
N

N

!
k= 1

÷xk!(! )t' ÷xk!(! ) '  E[÷xt' ÷x]

-  (XN(! )t'XN(! ))–1 '  (NE÷x[ ÷xt' ÷x])–1

�U
R�q�`�‡�b�w�p�z

EXN[(X N
t'XN)–1] '  EXN[(NE÷x[ ÷xt' ÷x])–1] = (NE÷x[ ÷xt' ÷x])–1

�U
R�“�q�j�z

b!  '  
1
2

N
N ! d ! 1

%trace{(NE÷x[ ÷xt' ÷x])–1E÷x[ ÷xt' ÷x]} + 1/  Ð 
1
2

   

= 
1
2

N
N ! d ! 1

%trace{
Id! 1

N
} + 1/  Ð 

1
2

  =  
1
2

N
N ! d ! 1

&
d ! 1

N
 + 10 Ð 

1
2

  =  
d

N ! d ! 1

�q�M�O�‘�O�t�z�³�ï�Ó�ç�s
*���Ì� �ž�µ�U�{�‡�“�‡�b�{

[�\�\�p  N �U	–�^�M	Ô�ù�t  E[(XN
t'XN)–1] '  E[XN

t'XN]–1 �U
R�q�b�”�T�r�O�T�ß�o� �̀o�ˆ�‡�`�•�O�{

�‡�c�z���o�s  dÐ1 = 1 �w��”�µ�›�ß�Q�o�ˆ�‡�b�{�\�w	Ô�ù  XN �x  N x 1 matrix �t�s�“�‡�b�{�f�\�p

�x

XN(! )t'XN(! ) =  
N

!
i= 1

xi1(! )2

�q�s�“�‡�b�U�z xi1(! ) �t
Y�FüÍ  xi1(! ) ~ Normal(m1, &1
2) �›�>���`�‡�b�q�z

N

!
i= 1

(xi1(! ) Ð m1)2/&1
2 ~ * 2

N

�p�b�T�’�z

E[
N

!
i= 1

(xi1 Ð m1)2/&1
2] = N [!  * 2

N  üÍ�w���É�‹ ; Appendix (3)]

-  E[XN
t'XN] = E[

N

!
i= 1

xi1
2] = N(&1

2 + m1
2) [

N

!
i= 1

(xi1 Ðm1)2 = 
N

!
i= 1

xi1
2 Ð Nm1

2 = XN
t'XNÐ Nm1

2]

E[XN
t'XN]–1 = 

1
N! 2

1 + Nm2
1

�q�s�“�‡�b�{�°�M�p�z

E[
1

! N
i= 1(xi1 ! m1)2/ ! 2

1

] = 
1

N ! 2
[!  * 2

N  üÍ�w�o
:�w���É�‹ ; Appendix (3)]

-  E[
1

XN
t áXN ! Nm2

1
] = 

1
(N ! 2)! 2

1

�U
R�q� �̀o�M�‡�b�{�\�\�p�^�’�t�z m1 = 0 �q� �̀o�ˆ�‡�b�q
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E[XN
t'XN]–1 = 

1
N! 2

1
  <

  
E[(XN

t'XN)–1] = 
1

(N ! 2)! 2
1

�q�°�•�`�s�M�\�q�U�˜�T�“�‡�b�{ N = 4 �s�r�w�Ì  [N $ 4 �p�`�h ] �t�x�z

E[(XN
t'XN)–1] = 2 (  E[XN

t'XN]–1

�q�s�l�o�`�‡�M�‡�b�{�Ž	Í�w�‘�O�tS�«�U���O�b�”�\�q�T�’�z�°`�t�x E[(XN
t'XN)–1] '  E[XN

t'XN]–1 

�U
R�q�`�s�M�q�A�æ�^�•�‡�`�h�{ ]

�y�Ž	Í�z (XN(! )t'XN(! ))–1 '  (NE÷x[ ÷xt' ÷x])–1 �p�x�s�X�o�‹�z E[(XN
t'XN)–1] '  E[XN

t'XN]–1 = (NE÷x[ ÷xt' ÷x])–1 �U
R

�q�b�”	Ô�ù�s�’�y  [	Í�G�p
†�Ì�`�h�‘�O�t�z�\�w�\�q�x  N �U	Gü�G�V�Z�•�y
R�q�`�‡�b ]�z

b!  '  
d

N ! d ! 1

�q�_
u�‹�•�‡� �̀o�z
Y�F
¢���s�<�Þ�Ã�ç�w  +!  $ E(y,XN),(y!,÷x!)[log t ! (y., ÷x.�� ö!!! ML(y, XN))] �wÆ� 
*���” �x

ö! ! (y(! ), XN(! )) Ð b!  '  
1
N

log t ! (y(! ), XN(! )�� ö!!! ML(y(! ), XN(! ))) Ð 
d!

N ! d! ! 1

= Ð 
1
2

{log(2%ö! 2
ML (y(! ), XN(! ))) + 1} Ð 

d!

N ! d! ! 1

�q�_
u�‹�•�”�\�q�t�s�“�‡�b�{�\�w  XN(! ) = XN, y(! ) = y �t�S�Z�”  +!  �wÆ� 
*���‹  ö! ! (y, XN) Ð b!  

�t  Ð2N �›	Ð�c�•�y  c-AIC(M! )

c-AIC(M! ) = Ð2N{ ö! ! (y, XN) Ð b! } 

= Ð2log t ! (y, XN| ö!!! ML(y, XN)) + 
2Nd!

N ! d! ! 1

= N{log(2%ö! 2
ML (y, XN)) + 1} + 

2Nd!

N ! d! ! 1

�U�{�‡�“�‡�`�h�{���£�w�7	s�p	\�‚�h�‘�O�t�z�\�w�Ö�Æ�ç�Â�Ÿ�ò  2Nd!
N! d! ! 1  �x  N �U	–�^�M�Ì�t  

AIC �w�Ö�Æ�ç�Â�Ÿ�ò  2d!  �t�±�‚�o�G�V�X�®�M�o�V�‡�b�{  

�� -�� -���£ Linear regression model with a constant

�y�� -���£�w�Þ�Ã�ç�t�S�M�o

xk,d–1(! ) = 1 for every k 
bd–1 = c 

�q�`�‡�b�q�z
¢���s�<�Ü  y(! ) = XN(! )b + ! (! ) �x�z�¤�ò���t�_�‡�b�q

yi(! ) = ÷xk!(! )b + *i(! ) =  
d! 1

!
j= 1

xij(! )bj + *i(! ) =  
d! 2

!
j= 1

xij(! )bj + c + *i(! )

�q�M�O�‘�O�t�z�Í�å�Ý�”�»�ò  c �›���œ�i

dÐ2�Í�w
†�Ì�!
:�¢
ƒ���!
:�z� �q�!
:�z�ž�!�”�£ {x k1(! ), ..., xk,d–2(! )}, 1 # k # N
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�t�‘�”
¢���s�<�Þ�Ã�ç�t�s�“�‡�b�{

�y�\�•�‡�p�w�� -���£�w�^�æ�x�7�™�t  XN(! ) �t��� �̀o���É  EXN[...] �›�q�”
²�‡�p�x�z  XN(! ) �wüÍ

�t�?�w�>���‹�”�T�c�t�z XN(! ) = XN �t�{��� �̀o�^�æ�›
��Š�‡�`�h�w�p�z�f�\�‡�p�x
¶�X�‰�a�^

�æ�U	Z�R�‡�b�{�f�\�p�z�ð�J�U���”�q�`�h�’�� -�� -���£�w�7�™�w�%�p  EXN[(X N
t'XN)–1] �›°�A�b�”

�M�q�M�O�\�q�t�s�“�‡�b�{ XN(! )t'XN(! ) �U�r�w�‘�O�t�s�l�o�M�”�T�z�_�‡�b�q

[X N(! )t'XN(! )]ij = 
N

!
k= 1

xki(! )xkj(! ) for 1# i, j # dÐ2

=
N

!
k= 1

xkj(! ) for i = dÐ1

=
N

!
k= 1

xki(! )  for j = dÐ1

= N  for i = j = dÐ1

�q�s�l�o�7�™�w�ò�U  [XN(! )t'XN(! )] (d–1)(d–1) = N �q��
:�t�s�“�‡�b�{  �\�w�\�q�w�è�¹�x�� -�� -���£�w

�7�™�w�%�p	Gü�G�V�s  N �t�0� �̀o

1
N

XN(! )t'XN(! ) = 
1
N

N

!
k= 1

÷xk!(! )t' ÷xk!(! ) '  E[÷xt' ÷x]

�q�s�”�\�q�›�ß�Q�h�M�t�z N �w�G�V�^�t�‘�’�c  

1
N

[X N(! )t'XN(! )] (d–1)(d–1) = E[÷xt' ÷x] (d–1)(d–1) = 1 

�q�s�”�q�M�O�\�q�i�Z�p�b�w�p�z�ð�J�xC
\�`�‡�d�œ�{

�y�`�h�U�l�o�z��
:�ò�›���‰
¢���s�<�Þ�Ã�ç�p�‹�Ì� �ž�µ�›  b!  '  
d

N ! d ! 1
 �q�_
u�‹�•�”�\�q�t

�s�“�z

c-AIC(M! ) = Ð2N{ ö! ! (y, XN) Ð b! } 

= Ð2log t ! (y, XN| ö!!! ML(y, XN)) + 
2Nd!

N ! d! ! 1

= N{log(2%ö! 2
ML (y, XN)) + 1} + 

2Nd!

N ! d! ! 1
�U
R�q�`�‡�b�{

[�Ž�<�x�Ä�w�m�M�p�p�b�U�z XN(! ) = XN �›�{��� �̀o�z	Í�G�w
¢���s�<�Þ�Ã�ç�t�S�Z�”��
:�ò�w�7

�ì
*���‹  +ML(! ) �w�›
Q�›�Ð�‚�o�ˆ�‡�`�•�O�{ XN $ (XN. 1N), b $ 

!
bbb!

c

"

 �q���[�`�‡�b�q�z
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t ! (y, XN| ! ) = 
1

(
!

2!" )N
exp(Ð 

1
2! 2 #y Ð XNb#2) = 

1

(
!

2!" )N
exp(Ð 

1
2! 2 #y Ð XN.b. Ð 1Nc#2)

�p�b�w�p�z�7�ì�M���Ü

!
! c

log t ! (y, XN| ! ) = 
1

! 2 1N
t'(y Ð XN.b. Ð 1Nc) = 0

!
! bbb!t log t ! (y, XN| ! ) = 

1
! 2 XN.t'(y Ð XN.b. Ð 1Nc) = 0

�T�’�z

+ML(! ) = 
1
N

1N
t'(y(! ) Ð XN.öbbb!!!

ML(! ))

XN.t'XN.öbbb!!!
ML(! ) = XN.t'y(! ) Ð XN.t'1N+ML(! ) 

= XN.t'y(! ) Ð XN.t'1N

1
N

1N
t'(y(! ) ÐXN.öbbb!!!

ML(! )) 

= XN.t'(IN Ð 
1
N

1N1N
t)y(! ) + 

1
N

XN.t'1N1N
t'XN.öbbb!!!

ML(! )

-  {XN.t'(IN Ð 1N1N
t/N)XN.} öbbb!!!

ML(! ) = XN.t'(IN Ð 1N1N
t'/N)y(! )

�q�s�“�‡�b�{ IN Ð 1N1N
t/N �Ue�˜�`�M�w�p�z  K $ 1N1N

t/N, J $ IN Ð K �q���[�`�‡�b�q

XN.t'JXN.öbbb!
ML(! ) = XN.t'Jy(! ) 

�q�s�“�z (XN.t'JXN.)–1 �U���O�b�”�\�q�›�>��� �̀o

öbbb!!!
ML(! ) = (XN.t'JXN.)–1XN.t'Jy(! )

�p�b�T�’�z

+ML(! ) = 
1
N

1N
t'(y ÐXN.öbbb!!!

ML(! )) = 
1
N

1N
t'(IN ÐXN.(XN.t'JXN.)–1XN.t'J)y(! ) 

�q�{�‡�“�‡�b�{�\�\�p�z K, J �t�m�M�o�x

K2 = 1N1N
t1N1N

t/N2 = 1N1N
t/N = K

J2 =  (IN Ð K)(IN Ð K) = IN Ð 2K + K2 = IN Ð K = J
Kt = K,  Jt = J,  KJ = JK = O
K1N = 1N1N

t1N/N = 1N

J1N = (IN Ð K)1N = 1N Ð K1N = 0 [-  J–1 �x���O�`�‡�d�œ ]

�s�U
R�q�`�z K �q  J �x�0	¶�p�Ú�¦�b�”�ù�è���‰� �t�s�“�‡�b�{�^�’�t�_�è�`�‘�X�b�”�h�Š�t

P.(XN) $ XN.(XN.t'JXN.)–1XN.tJ
Q.(XN) $ IN Ð P.(XN)

�q���[�`�‡�b�q�z

+ML(! ) = 
1
N

1N
t'Q.(XN)y(! )

�q¯�q�p�V�‡�b�{ P.(XN)�z Q.(XN) �t�m�M�o�x  

P.(XN)2 = XN.(XN.t'JXN.)–1XN.tJXN.(XN.t'JXN.)–1XN.tJ = XN.(XN.t'JXN.)–1XN.tJ = P.(XN)
Q.(XN)2 = {IN Ð P.(XN)} 2 = IN Ð 2P.(XN) + P.(XN)2 = IN Ð P.(XN) = Q.(XN)
Q.(XN)P.(XN) = P.(XN)Q.(XN) = P.(XN)(IN Ð P.(XN)) = P.(XN) Ð P.(XN)2 = O
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�q�M�O�‘�O�t�z P.(XN)�q Q.(XN) �x�Ú�¦�b�”�ù�è���‰� �p�K�”�\�q�U�˜�T�“�‡�b�U�z���w
Q�í�q�`

�o

P.(XN)1N = XN.(XN.t'JXN.)–1XN.tJ1N = 0
Q.(XN)1N = (IN Ð P.(XN))1N = 1N Ð P.(XN)1N = 1N

P.(XN)XN. = XN.(XN.t'JXN.)–1XN.tJXN. = XN.
Q.(XN)XN. = (IN Ð P.(XN))XN. = XN. Ð P.(XN)XN. = O

�U
R�q�`�‡�b�{�h�i�`�z�� -�� -��£�w  P(XN)�q Q(XN) �q�§�l�o  P.(XN)�q Q.(XN) �x�0	¶�æ�»�p�x�s

�X�z { JP.(XN)} t = JP.(XN), {JQ.(XN)} t = JQ.(XN) �p�K�”�\�q�t�y�™�&�M�‡�b�{

�y�\�\�‡�p	j‹� �̀o�7�™�t  y(! ) = XNb*+ ! (! ) = XN.b.*+ 1Nc*+ ! (! ) [* �x
��w�‹�›�Ô�b ] �›�ß�€�b�•

�y�z

+ML(! ) = 
1
N

1N
t'Q.(XN)y(! ) = 

1
N

1N
t'Q.(XN)(XN.b.* + 1Nc* + ! (! )) 

= 
1
N

1N
t'1Nc* + 

1
N

1N
t'Q.(XN)! (! ) [!  Q.(XN)XN. = O,  Q.(XN)1N = 1N]

= c* + 
1
N

1N
t'Q.(XN)! (! )

�q�p�V�‡�b�{�‰�7�t� �̀o�z XN.öbbb!!!
ML(! ) = XN.b.* + P.(XN)! (! ),  ö! 2

ML(! ) = 
1
N

#JQ.(XN)! (! )#2 �‹�{�‡�“�‡�b  

[��	6�t�`�q�V�‡�b ]�{	Í�G�p�z +ML(! ) �x
Y�FüÍ  ! (! ) �w
¢���!�õ�t�s�“�‡�`�h�w�p�z�•�x�“
Y

�FüÍ�t�s�“�‡� �̀o�z���É�‹�qü�„�U

E![+ML] = c* + 
1
N

1N
t'Q.(XN)E[! ] = c*

%[+ML] = E[( öcML Ð c*)2] = E[
1
N

1N
t'Q.(XN)! {

1
N

1N
t'Q.(XN)! } t] = 

1
N21N

t'Q.(XN)E[!! t]Q.(XN)t'1N 

= 
(! ! )2

N2
1N

t'Q.(XN)Q.(XN)t'1N = (&*)2#
1
N

Q.(XN)t'1N#2 

�q�-�‰�^�•�z +ML(! ) �wüÍ�x   +ML(! ) ~ Normal(c*,
 
(&*)2#

1
N

Q.(XN)t'1N#2) �q�M�O�\�q�t�s�“�‡�b�{ ]
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Appendix

�¢��£���Í���Ü�q  trace

xt'Ax = trace{Ax'xt} �t�m�M�o�x�Ž�<�‘�“�Ì�T�{

trace{At'B} = tracec[At'B]ijm = tracec!
k

aki'bkjm = !
i

!
k

aki'bki

trace{A'Bt}  = !
i

!
k

aik'bik

-  trace{At'B} = trace{A'Bt}

trace{Ax'xt} = !
i

!
k

aikxixk [Bt = x'xt �q� �̀o ]

= !
i

xi !
k

aikxk = !
i

xi[Ax]i = xt'Ax

�q�X�t�z A = I �w�q�V�z

|x|2 = xt'x = trace{x'xt}

�¢���£ CramŽr-Rao �w���g �w	Â�Ì�•�¢�°�G�L�£

�¢���£ ) �Ë	ÐüÍ �tÇ�M�o�•

�y�‡�c�z Gamma üÍ�w���[�q
Q�í�›�»�•�`�‘�O�{

Gamma function , (s) $ !
 0 

!

xs–1e–xdx   for 0 < s

, (1) = 1
, (1/2) = 

!
!

, (s) = (sÐ1), (sÐ1)  for s > 1
, (n) = n! for n ! N

Gamma distribution     0Gamma(- , . );  #(x) $ 
1

! (" )# " x!  –1exp(Ð 
x
!

)   for 0 < - , .  < "

!
  0

!

. ! , (- )#(x)dx = !
  0

!

x! –1ex/%dx = . ! !
  0

!

y! –1eydy =  . ! , (- ) �s�w�p�z !
  0

!

#(x)dx = 1

x(" ) ~ Gamma(- , . ) �w�q�V

E[x] = !
  0

! 1
! (" )# " xx! –1exp(Ð 

x
!

))dx = -.

%[x] = !
  0

! 1
! (" )# " x2x!  –1exp(Ð 

x
!

))dx Ð E[x]2 = -. 2

�y  * 2
N  üÍ�q�x�z N�x�w� �q�sª	j
Y�FüÍ  Normal(0,1) �›�ß�Q�z�f�w�Ë	Ð�è

* 2
N  = {Normal(0,1)}2 + ... + {Normal(0,1)}2 [N �x�w�è ]
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�q� �̀o���[�^�•�”�{�\�wüÍ�x�‰�°
Y�FüÍ�T�’	B�Š�h�Ã�”�»�wü�„�›�r
s�b�”�h�Š�t	��t�;

�M�’�•�”�{

�y * 2
N  �wüÍ�µ�S�›�{�Š�”�h�Š�t�z�‡�c  * 2

1
 �›�ß�Q�o�ˆ�”�{  x(" ) ~ Normal(0,1) �q�`�z y(" ) = x(" )2 

�q�b�”�{ y(" ) �wüÍ��
:  / (y) = Pr{y(" ) # y} = Pr{x(" )2 # y} = Pr{|x(" )| # y1/2} �‘�“�z

/ (y) = !
–
!

y

!
y 1

!
2! exp(Ð 

x2

2
)dx = 2!

0

!
y 1

!
2! exp(Ð 

x2

2
)dx

= ! 
0 

y 1
!

2! u–1/2exp(Ð 
u
2

)du [u = x2, du = 2xdx, dx = 
1
2

u–1/2du ]

�°�M�p�z y(" ) ~ Gamma(1/2, 2) �wüÍ�µ�S�U  

#(y) $ 
1

!
2! y–1/2exp(Ð 

y
2

)

�s�w�p�z * 2
1
 = Gamma(1/2, 2) �U�t�Q�h�{�\�\�p�^�’�t�z GammaüÍ�w�6
\
Q�›�;�M�•�y�z

* 2
N  = Gamma(1/2, 2) + ... + Gamma(1/2, 2) = Gamma(N/2, 2)  [N�x�w�è ]

�p�K�“�z y(" ),~ * 2
N  �wüÍ�µ�S�x  Gamma(N/2, 2) �wüÍ�µ�S�T�’
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